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Abstract
We use the discrete group Σ(81) ≡ (Z3 × Z3 × Z3) o Z3 to explore a particular
region of parameter space in the Private Higgs model. In doing so we suggest a relation
among the off-diagonal entries of the neutrino mass matrix and a possible explanation
for the muon magnetic moment anomaly, aexpµ − aSMµ ∼ 10−9. We predict three new
nearly degenerate Higgs doublets with masses of order ∼ 500 GeV to ∼ 1 TeV, and
three nearly degenerate SM-singlet TeV-scale neutrinos. The largest scale in the model
is ∼ 10 TeV, so there is no severe hierarchy problem. The appendix is devoted to the
group theory of Σ(81).
I Introduction
The matter content of the Standard Model (SM) of particle physics comes in three genera-
tions, which are identical except for their widely disparate mass scales. At sufficiently high
energies1 all particles become effectively massless, and so it is possible that a high energy
completion of the SM is symmetric under permutation of the generation labels [1]. If we
insist that the fermions acquire mass perturbatively from the Higgs mechanism while having
Yukawa couplings of comparable magnitudes, then we must extend the SM to include mul-
tiple Higgs doublets, which are to be permuted along with the fermion generations.
The challenge for all models of this type is how to implement a permutation symmetry
that can accommodate the relations md  ms  mb and mu  mc  mt for the quarks,
and me  mµ  mτ for the charged leptons, while at the same time allowing for nonzero
mixing angles in the CKM and PMNS matrices.
Among the myriad theoretical possibilities, we will take motivation from one particular class
of multi-Higgs models, the models of “Private Higgs”-type [2, 3], and extend the idea to
include a permutation symmetry. This will immediately suggest a particular non-abelian
discrete flavor group, Σ(81) ≡ (Z3 × Z3 × Z3)o Z3, which was first applied to leptons by E.
Ma [4] and later studied by other authors [5].
1For the quarks, “sufficiently high energy” means larger than the top mass mt ≈ 173 GeV, while for the
leptons the required scale is much lower, given by the τ mass mτ ≈ 1.78 GeV.
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The Private Higgs (PH) philosophy is to introduce a Higgs doublet φq for each quark
q = d, s, b, u, c, t and a Higgs doublet φα for each charged lepton α = e, µ, τ . The fermions
are supposed to obtain masses from the Yukawa interactions2
LYuk =
∑
a= 1,2,3
(
yDaqa · φDada − yUaqa ·φUaua
)
+
∑
α= e,µ,τ
yα `α · φα eα + h.c. (I.1)
The mass of the each fermion is then determined by the vacuum expectation value (VEV) of
its associated Higgs3 doublet:
md,s,b = yd,s,b〈φ0d,s,b〉 , mu,c,t = yu,c,t〈φ0u,c,t〉 , me,µ,τ = ye,µ,τ 〈φ0e,µ,τ 〉 . (I.2)
To ensure that each Higgs serves only its associated fermion in Eq. (I.1), we need to impose
a family-dependent discrete symmetry [9]. For simplicity and concreteness let us first focus
on the charged leptons. Observing that each Yukawa interaction is a product of three fields,
we impose the symmetry4
Ze3 × Zµ3 × Zτ3 . (I.3)
The group Ze3 multiplies the fields `e ≡ (νe, e), φe ≡ (φ0e, φ−e ), and ee ≡ e by the phase
ω ≡ e i2pi/3, and leaves the other fields alone. The other Zα3 for α = µ, τ are defined analo-
gously.
We would now like to suppose that the three lepton generations are interchangeable above
mτ and therefore impose a ZC3 symmetry that cycles the fields as (`eφee, `µφµµ, `τφττ) →
(`τφττ , `eφee, `µφµµ) → (`µφµµ, `τφττ , `eφee). Since the label α = e, µ, τ is now supposed
to denote a triplet representation rather than a collection of singlets, the transformations of
Eq. (I.3) do not commute with those of ZC3 [10].
Thus we are led quite naturally to consider the non-abelian discrete group
Σ(81) ≡ (Ze3 × Zµ3 × Zτ3)o ZC3 . (I.4)
The leptons and lepton-Higgs fields are assigned to the defining triplet representation 3,
which is complex, and the product 3× 3× 3 contains an invariant singlet. The group Σ(81)
has three other complex triplets, so we can incorporate the quarks into this framework by
simply assigning the quarks and quark-Higgs fields to a triplet representation distinct from
2We use two-component spinor notation for fermions. Here qa = (ua, da) ∼ (3, 2,+ 16 ) are the left-handed
quark doublets, da ∼ (3∗, 1,+ 13 ) and ua ∼ (3∗, 1,− 23 ) are the left-handed antiquark singlets, `α = (να, eα) ∼
(1, 2,− 12 ) are the left-handed lepton doublets, and eα ∼ (1, 1,+1) are the left-handed antilepton singlets.
The fields φDa = (φ
0
Da
, φ−Da) ∼ (1, 2,− 12 ), φUa = (φ+Ua , φ0Ua) ∼ (1, 2,+ 12 ), and φα = (φ0α, φ−α ) ∼ (1, 2,− 12 )
are Higgs doublets. Note that φDa and φα have hypercharge Y = −1, while φUa has hypercharge Y = +1.
The dot denotes the SU(2)-invariant antisymmetric product, and the subscripts are understood as d1 ≡ d,
φD1 ≡ φd, and so on.
3The idea that the fermion masses arise from a small VEV of a second Higgs doublet is an old idea [6, 7].
A different model with one Higgs for each lepton flavor was proposed by Grimus and Lavoura [8].
4This differs from the Z2 symmetries used in the original Private Higgs model.
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the defining 3. Later on, we will find that we must also impose an additional abelian symme-
try to forbid certain bare terms in the scalar potential [see the discussion above Eq. (VIII.2)];
this is a common ingredient in many flavor models based on non-abelian groups.
We emphasize at this point that our motivating philosophy is to provide an existence proof
that the Private Higgs mechanism is compatible with non-abelian discrete flavor symmetries
by providing an explicit example based on the group Σ(81) × X (where X is abelian), not
to predict a particular form for the neutrino mixing matrix. This work is also an example of
exploring a different regime of parameter space in the Private Higgs framework that differs
from the original proposal in [2, 3].
We should also point out that despite the form of the high-energy Lagrangian, our model is
not fermiophobic at low energies [11] and is compatible with the celebrated recent discovery
of an SM-like Higgs state with mass 125 GeV [12, 13]. The reason is as follows (consider the
electron flavor for concreteness). The Lagrangian for the Private Higgs field φe is of the form
Lφe = φ
†
e(D
†D − Mˆ2φe)φe − (J†eφe + h.c.) (I.5)
where5 Mˆ2φe = M
2
φe
+ (quartic couplings to Higgs fields and SM-singlet scalars) is taken
positive, and Je includes a cubic coupling to the SM-like “W -Higgs” [see Eq. (II.4)] and
SM-singlet scalar Se, as well as the electron Yukawa interaction:
(Je)i = µe(φ
†
W )
jεji + ye
(
νe
e
)
i
e¯ . (I.6)
Upon integrating out the φe field, we obtain an effective interaction between the SM-like
Higgs and the electron:
Leff = −yeµ
∗
e〈Se〉∗
Mˆ2φe
(φW )iε
ij
(
νe
e
)
j
e¯+ h.c.+ ... (I.7)
Thus, to leading order, the hee¯ coupling in this model is (me/v)(1 + ...), where v
2 =
2(|〈φ0W 〉|2 + ...) = (246 GeV)2, which is the same as in the SM up to corrections that are
“generically” O(v2/M2) ∼ 1% if M ∼ TeV, but which could in principle be substantial
depending on the values of the various parameters in the scalar potential. We refer to [11]
for a more detailed treatment, in which the LHC phenomenology was studied explicitly for
a general class of “Private Higgs”-type models.
The rest of this paper is organized as follows. In Section II we discuss the charged lep-
ton masses and a TeV-seesaw mechanism for neutrino masses under the assumption of Σ(81)
symmetry. In Sections III and IV we discuss neutrino mixing and predict a relation among
the off-diagonal entries of the Majorana neutrino mass matrix. In Section V we discuss
the anomalous magnetic moment of the muon. In Section VI we discuss constraints due to
5For simplicity we drop terms with a nontrivial SU(2) index structure in the Higgs potential, which play
no essential role in the present argument.
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lepton flavor violation. In Section VII we comment briefly on quark masses, but leave the
construction of a realistic CKM matrix for future work. In Sections VIII and IX we discuss
the scalar potential of the model and justify the symmetries and scales that are assumed
for the phenomenology of the previous sections. In Section X we summarize our results and
suggest directions for future work. In the appendix we discuss the group theory of Σ(81).
II Lepton masses and TeV-scale seesaw
Let the lepton doublets6 ` = (ν, e) ∼ (2,−1
2
) and the antilepton singlets e ∼ (1,+1) transform
as the defining 3 representation of Σ(81). As discussed in the introduction, we introduce a
collection of three SU(2) × U(1) “lepton-Higgs” doublets φe, φµ, φτ , collectively denoted by
the field φ` = (φ
0
` , φ
−
` ) ∼ (2,−12), which also transforms as a 3 under Σ(81). Denoting the
Σ(81) components by the flavors e, µ, τ , we have the Σ(81)-invariant Yukawa interactions
L `Yuk = y` (`e ·φe e+ `µ ·φµ µ+ `τ ·φτ τ) + h.c. (II.1)
Thus upon writing φ0α =
1√
2
vα e
iθα + ... and rephasing the charged lepton fields, the charged
leptons obtain masses
mα =
1√
2
y`vα . (II.2)
Given the common Yukawa coupling across the three generations, we have
me : mµ : mτ = ve : vµ : vτ . (II.3)
Thus with y` ∼ 1 the charged lepton masses are determined by the vacuum expectation
values of their associated lepton-Higgs fields.
Before proceeding further, we should comment that the coupling y` depends on energy scale
µ, and is defined in Eq. (II.1) at a Σ(81)-invariant scale M. To compute observables at low
energy, we should use the renormalization group (RG) to find that the flavor-independent
coupling y`(µ) splits into three distinct effective couplings, y
eff
e (µ), y
eff
µ (µ), and y
eff
τ (µ), at
scales µ me  mµ  mτ . In practice, since there are no superheavy scales in our model,
these effects are small7 even for Yukawa couplings y`(M) ≈ 1.
Let us now introduce another Higgs doublet,
φW = (φ
0
W , φ
−
W ) ∼ (2,−12) , (II.4)
which does not transform under any flavor symmetry. This W -Higgs provides the dominant
contribution to the mass of the W± bosons:
mW =
1
2
gvW
[
1 +O
(
v2other
v2W
)]
(II.5)
6Since we are dealing with leptons, which are all color singlets, we suppress the SU(3) quantum number.
7Since flavor changing interactions are small, the dominant loop correction to the `αφαe¯α vertex comes
solely from the lepton α circulating in the loop. For large Yukawa couplings, the gauge contributions are
subleading, and we estimate the 1-loop beta function as µdy`/dµ ≈ a y3`/(4pi)2, with a > 0. The Yukawa
couplings remain independent of lepton flavor at low energy up to corrections of O(10−2) if y`(M) ≈ 1. For
smaller values of y`(M), the running is negligible.
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where vother denotes the contributions of the non-W Higgs VEVs. The Z obtains a mass
mZ = mW/ cos θW , just as in the SM. So far this is the same as in the original Private Higgs
model for leptons8, but with the additional constraint ye = yµ = yτ ≡ y`.
For the neutrino sector, introduce an SM-singlet antineutrino field N ∼ (1, 0) and another
Higgs doublet φν = (φ
+
ν , φ
0
ν) ∼ (2,+12), each of which is also to transform as a 3 under Σ(81).
Just as for the charged leptons, the Σ(81)-invariant Yukawa interactions for the neutrinos
are diagonal in flavor and have a flavor-independent coupling:
L νYuk = −yν
(
`e ·φνeNe + `µ ·φνµNµ + `τ ·φντNτ
)
+ h.c. (II.6)
As a result of the opposite hypercharge assignments for φ` and φν , only the former gives
masses to the charged leptons while only the latter provides Dirac masses for the neutrinos.
At this stage a bare mass for the gauge-singlet neutrinos Nα is forbidden by the flavor
symmetry. The Private Higgs model [2, 3], on which the present model is based, requires
the existence of SM-singlet scalars to enable the heavy Higgs fields φα and φνα to have large
masses but small VEVs [see Eq. (VIII.9)]. Therefore, we require the addition of SM-singlet
complex scalar fields S` ∼ (1, 0), which transform as a triplet under Σ(81). Fortuitously,
these are precisely the degrees of freedom required to generate seesaw masses for the gauge-
singlet neutrinos.
The Σ(81)-invariant Yukawa interaction
L NYuk = −12yN(SeNeNe + SµNµNµ + SτNτNτ ) + h.c. (II.7)
leads to flavor-diagonal Majorana masses for the gauge-singlet neutrinos:
MNα = yN〈Sα〉 . (II.8)
Upon integrating out the Nα, the light neutrinos will obtain a flavor-diagonal Majorana mass
matrix from the usual seesaw mechanism:
(mseesawν )αβ = −
(yν〈φ0να〉)2
yN〈Sα〉 δαβ . (II.9)
Here the VEVs 〈Sα〉 set the seesaw scale, which in our model will be ∼ TeV [14]. The neu-
trino mass scale mν . eV can be obtained by taking the neutrino-Higgs VEVs 〈φ0να〉 to be
roughly of order the electron mass [15]. Just as for the charged-lepton-Higgs fields, we define
〈φ0να〉 ≡ 1√2 v′α e iθ
′
α and work with the manifestly real parameters v′α.
At this stage the neutrinos do not oscillate, so we still need to generate nonzero off-diagonal
contributions to the neutrino mass matrix.9
8In that model the role of φW is played by a top-Higgs φt.
9This construction is similar in spirit to an early model of Fukugita and Yanagida [16]. Interestingly, at
that time the lack of oscillations in the model was considered a virtue rather than a deficiency.
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III Neutrino mixing
To generate nonzero mixing angles for the light neutrinos, we introduce a flavor triplet of
singly charged spin-0 bosons, h−, whose interactions result in off-diagonal entries for the
neutrino mass matrix at one loop [17].
In contrast to the other fields of the model, we assign h− to a different triplet representation,
3′, and thereby denote its components by10 h− = (h−µτ , h
−
τe, h
−
eµ). Since h
+`·` ∼ (3′)∗× 3×A 3
contains an invariant [see Eqs. (A.39) and (A.44)], we have a Σ(81)-invariant interaction
between the charged bosons11 and the lepton doublets:
Lh`` = f
(
h+µτ `µ ·`τ + h+τe `τ ·`e + h+eµ `e ·`µ
)
+ h.c. (III.1)
These interactions have a common12 coupling f , which provides a group theoretic realization
of Case A in a study by Ghosal, Koide, and Fusaoka [18]. Note that the Σ(81) symmetry
forbids interactions of the form eNh−.
The charged bosons couple to Higgs doublets through three different SM×Σ(81) invariants:
t0 ≡ h+µτφµ ·φτ + h+τeφτ ·φe + h+eµφe ·φµ (III.2)
t1 ≡
(
h+µτSµφτ + h
+
τeSτφe + h
+
eµSeφµ
)·φW (III.3)
t2 ≡
(
h+µτSτφµ + h
+
τeSeφτ + h
+
eµSµφe
)·φW (III.4)
We will see that if the coefficient of the dimension-3 operator t0 is not much larger than 〈Sα〉,
then the contribution to mν from the t0 term will be subleading compared to that from t1
and t2.
Combined with the h`` interactions of Eq. (III.1), the Lagrangian
Lhφ = Mˆ t0 + ρ1 t1 + ρ2 t2 + h.c. (III.5)
generates off-diagonal entries in the neutrino mass matrix at one loop.13 (Here Mˆ is a
coupling with dimensions of mass, and ρ1,2 are dimensionless couplings.) For example, one
contribution to the (e, µ) entry of mν arises from the diagram in Fig. 1. As in the original
work [17], instead of diagonalizing the large charged scalar mass matrix, we elect to work in
the flavor basis and treat the quadratic mixing terms ∼ h−φ+ as a subleading perturbation.
For M2h  M2φ (where M2h is the bare coefficient of h+eµh−eµ and M2φ is that of φ+µφ−µ ) the
10As explained in the appendix, the labeling results from forming the 3′ by decomposing the product 3× 3
into irreducible representations. See Eqs. (A.26) and (A.38).
11Here h+αβ ≡ (h−αβ)∗ has electric charge +1.
12In principle there are flavor-dependent corrections to f at low energy. Since we consider small values
f . 10−2 and since the largest scale in the model is ∼ 10 TeV, these corrections are very small.
13These interactions also generate corrections to the diagonal entries of the neutrino mass matrix at two
loops [19]. We will drop these as subleading to the diagonal entries generated from the seesaw mechanism.
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Figure 1: One-loop contribution to (mν)eµ. The diagrams are labeled by the fields that partic-
ipate in each interaction vertex, and the arrows denote fermion spin. The lower X is to remind
the reader that the µµ¯ propagator, which conserves chirality, includes a factor of mµ in the
numerator. The upper X is to indicate that we are working in an approximate basis in which
the leading order scalar mass squared terms are large compared to the post-symmetry breaking
corrections from the potential, and the leading order contribution to (mν)eµ thereby contains
two scalar propagators and one quadratic mixing term that changes the h±eµ line to a φ±µ line.
There is also an analogous contribution with the electron running in the loop, which has a factor
of me in the numerator.
contribution of this diagram to the neutrino mass matrix is
(mν)
diagram 1
eµ ≈
1
(4pi)2
fy`M2eµ
M2h
mµ ln
M2h
M2φ
, M2eµ ≡ ρ∗1〈Se〉∗〈φ0W 〉∗ − Mˆ∗〈φ0e〉∗ . (III.6)
By the symmetry of the Majorana mass matrix, there is also the same diagram but with the
electron and electron-Higgs running in the loop. This gives an additional contribution
(mν)
diagram 2
eµ ≈
1
(4pi)2
fy`M2µe
M2h
me ln
M2h
M2φ
, M2µe ≡ −ρ∗2〈Sµ〉∗〈φ0W 〉∗ − Mˆ∗〈φ0µ〉∗ . (III.7)
The (e, µ) entry of the neutrino mass matrix is given by adding the two contributions:
(mν)eµ = (mν)
diagram 1
eµ + (mν)
diagram 2
eµ .
The relative signs in M2eµ and M2µe [Eqs. (III.6) and (III.7) respectively] can be under-
stood as follows. The interaction f h+eµ`e · `µ = fh+eµ(νeµ − νµe) in Eq. (III.1) results in a
vertex +if for diagram 1, but −if for diagram 2. In contrast, the h−eµφ+µ vertex arising
from Eqs. (III.3) and (III.1) is not related by any symmetry to the h−eµφ
+
e vertex arising from
Eqs. (III.4) and (III.1), and so they contribute the same way: a factor of −iρ∗1〈Se〉∗〈φ0W 〉∗ from
the former, and −iρ∗2〈Sµ〉∗〈φ0W 〉∗ from the latter. This accounts for the relative sign differ-
ence between the contributions from ρ1 and ρ2 to the effectiveM2αβ couplings in Eqs. (III.6)
and (III.7).
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In addition, the contribution from Mˆ appears with the same sign in Eqs. (III.6) and (III.7)
because the operators h+eµφe · φµ in Eq. (III.2) and h+eµ`e · `µ in Eq. (III.1) have identical
transformation properties under SU(2)× U(1)× Σ(81). In other words, diagram 2 has sign
flips relative to diagram 1 in the contributions from both f and Mˆ , so that the extra signs
cancel each other out.
Leaving the possibility of CP violation for future work, we assume that all couplings and
VEVs are real and write
〈φ0α〉 = 1√2 vα , 〈Sα〉 = 1√2 v˜α (III.8)
from now on. All “high-scale” SM-singlet scalar VEVs will be taken essentially equal:
v˜e ≈ v˜µ ≈ v˜τ ≡ v˜ [see Eq. (VIII.10)], while the “low-scale” Higgs VEVs will be taken
hierarchical, ve  vµ  vτ , and this is obtained by tuning the appropriate low-scale pa-
rameters in the scalar potential [see Eq. (VIII.11)]. This is the generic approach taken in
this model toward dimensionful parameters: those that are ∼ 102 GeV or higher are flavor
symmetric (up to small corrections), and those that take values below the weak scale are
flavor asymmetric. This will be discussed explicitly in Section VIII.
The vertices from Eqs. (III.3) and (III.4) are proportional to v˜αvW , while those from Eq. (III.2)
are proportional to Mˆvα ∼ Mˆmα, which is suppressed by a power of charged lepton mass.
As can be seen from adapting Fig. 1 to (mν)µτ , the only contribution from Mˆ that is not
obviously small occurs with a factor of mµmτ in the numerator. If ρ1 ∼ ρ2, then the contri-
bution from Mˆ can be dropped provided that Mˆ/v˜  102ρ1,2. With ρ1,2 = O(10−1 − 1), we
can take Mˆ as large as ∼ (10−1 − 1) TeV.
Dropping the contributions from terms proportional to Mˆ , and assuming furthermore that
all v˜α are equal, we arrive at the following off-diagonal entries in the neutrino mass matrix:
(mν)eµ ≈
(
ρ1
mµ
mτ
− ρ2me
mτ
)
m1-loopν
(mν)µτ ≈
(
ρ1 − ρ2mµ
mτ
)
m1-loopν
(mν)τe ≈
(
ρ1
me
mτ
− ρ2
)
m1-loopν (III.9)
with the overall scale given by
m1-loopν ≈
fy`
2(4pi)2
vW v˜
M2h
mτ ln
M2h
M2φ
. (III.10)
Taking v˜ ∼ Mφ ∼ TeV and Mh ∼ 10 TeV, we have [vW v˜/(4piMh)2]mτ ∼ 104 eV. The
motivation behind this model is to take the Yukawa coupling y` ∼ 1, so we need
|ρ1,2f | . 10−4 (III.11)
to generate the scale mν . eV. The somewhat stringent requirement of Eq. (III.11) can be
relaxed if we are willing to consider larger masses for the charged scalars, h±αβ, or smaller
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Yukawa couplings.
Therefore, the Σ(81) symmetry (along with the assumption that all new scales are roughly
∼ 1−10 TeV) suggests a relation among the off-diagonal entries of the neutrino mass matrix:
(mν)µτ ≈ mτ
mµ
(mν)eµ +
mµ
mτ
(mν)eτ . (III.12)
The ≈ indicates that we have dropped small contributions due to the electron mass, which is
justified provided that there is no large hierarchy between the couplings ρ1 and ρ2. The rela-
tion Eq. (III.12) results from assuming that the only parameters contributing to m1-loopν that
break the flavor-independence predicted by Σ(81) symmetry are the charged lepton masses
me  mµ  mτ . The result Eq. (III.12) is suggested by the marriage of the Private Higgs
framework to the proposition that the fermion generations are interchangeable at high energy.
In total we have a Majorana neutrino mass matrix14
mν ≈ 1
m0
(v′e)2 0 0(v′µ)2 0
(v′τ )
2
+m1-loopν
0 a −b0 ra−r−1b
0
 (III.13)
where m0 ≡
√
2 yN v˜/y
2
ν , a ≈ r−1ρ1, b ≈ ρ2, and r ≡ mτ/mµ ≈ 16.82. Note that for the
“reasonable” ratio ρ1/ρ2 ∼ 1 the mass matrix of Eq. (III.13) is not µτ -symmetric, as expected
on general grounds.
IV Comparison with oscillation data
In a three-flavor oscillation framework with Majorana neutrinos, the three flavor eigenstates
νe, νµ, ντ are linear combinations of the three mass eigenstates ν1, ν2, ν3, specified by a 3-by-3
unitary mixing matrix V , which has three physical mixing angles15: the “solar” angle θ12,
the “atmospheric” angle θ23, and the “reactor” angle θ13, which lie in the following
16 ranges
[21]:
31◦ ≤ θ12 ≤ 36◦ , 36◦ ≤ θ23 ≤ 55◦ , 7.2◦ ≤ θ13 ≤ 10◦ . (IV.1)
The oscillation phases also depend on the mass-squared differences ∆m2sol ≈ m22 − m21 and
∆m2atm ≈ m23 − m22 ≈ m23 − m21. Since the overall scale of the neutrino mass matrix is not
known, the relevant observable to compare to data is the ratio of these ∆m2s:
5.29 ≤ ξ ≡
√
|∆m2atm|
∆m2sol
≤ 6.22 (IV.2)
14The most general Majorana mass matrix is symmetric, so we display explicitly only its upper triangle.
15In addition to the three angles in Eq. (IV.1), the mixing matrix V contains three physical complex phases
and three unphysical complex phases. Of the three physical phases, only one is in principle observable in
oscillations, the “Dirac” phase angle δCP. The remaining two physical phases are the “Majorana” phases,
which drop out of the oscillation probabilities.
16The bounds on the reactor angle depend on a recent re-evaluation of the expected ν¯e flux; here we quote
the least restrictive lower and upper bounds for θ13 in [21].
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for both possible orderings, m3 > m2 > m1 (“normal”) and m2 > m1 > m3 (“inverted”).
Using Eqs. (IV.1) and (IV.2), we now show that our model remains viable only for the “nor-
mal” ordering, m3 > m2 > m1.
Define the quantity G ≡ (mν)µτ − r(mν)eµ − r−1(mν)eτ , such that Eq. (III.12) reads G ≈ 0,
and solve this equation perturbatively in the small parameters in the problem: the deviation
of the atmospheric angle from maximality, −0.16 ≤ λ ≡ θ23 − pi4 ≤ +0.17, and the small
reactor angle, 0.13 ≤ θ13 < 0.17. Using mν = V ∗diag(m1,m2,m3)V †, with the standard
angular parametrization for V , and expanding to leading order as17 G = G0 + O(θ13, λ), we
have
G0 = 12
{
m˜∗1 + m˜
∗
2
2
−m3 − F (r, θ12)(m˜∗2 − m˜∗1)
}
, (IV.3)
where
10.3 < F (r, θ12) ≡
[(
r + r−1√
2
)
sin(2θ12)− 12 cos(2θ12)
]
< 11.2 . (IV.4)
The tildes over m1,2 in Eq. (IV.3) denote inclusion of the Majorana phases, and the range
in Eq. (IV.4) result from applying Eq. (IV.1). If the neutrino mass matrix is real, then
m˜1 = ±m1 and m˜2 = ±m2 (signs uncorrelated).
The sign of ∆m2atm is presently unknown, so we should consider the cases m3 > m2 > m1
(“normal” ordering) and m2 > m1 > m3 (“inverted” ordering) separately. First consider the
normal ordering, and take m3  m1,2 in Eq. (IV.3). If we insist on G0 ≈ 0 [in other words,
satisfying Eq. (III.12) with θ13 = 0 and θ23 =
pi
4
], then we need m˜1m˜2 < 0 and m3 > m1,2.
For example, if m˜1 = +m1 and m˜2 = −m2, then the condition G0 ≈ 0 is satisfied with
m3 ∼ 10(m1 +m2).
If instead m3  m1,2, then G0 ≈ 0 implies m˜1m˜2 > 0. Setting m˜1/m1 = m˜2/m2 = s ≡ ±1,
we can solve explicitly for m1 in terms of F and the oscillation parameter ξ:
m1 =
ξ2 + F (F − 1) + 1
4√
−(2F + 1)ξ2 + 2F 2 − 1
2
√
∆m2sol
2F − 1 (IV.5)
where we have used ∆m2atm = −|∆m2atm| for m3 < m1,2. The sign s has dropped out.
Using the ranges in Eqs. (IV.2) and (IV.4), we see that −(2F + 1)ξ2 + 2F 2 < −300 and
so Eq.(IV.5) has no solution. Nonzero values for θ13 and λ ≡ θ23 − pi4 are constrained by
Eq. (IV.1) to be small enough such that the model remains viable only for the “normal”
ordering, m3 > m2 > m1.
In the absence of a theoretical principle that determines the relative values of the diago-
nal entries in mν , we proceed phenomenologically. If we take v
′
e  v′µ ∼ v′τ , then the mass
17Note that the approximation G ≈ G0 is the condition of approximate µτ symmetry in the neutrino mass
matrix.
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matrix of Eq. (III.13) is similar to those of Class II in our earlier study [20] of mass matrices
with (mν)ee = 0. For example,
mν ∝
0.01 0.25 −25 4.1
5
 =⇒ θ12 ≈ 35.5◦ , θ23 ≈ 43.5◦ , θ13 ≈ 8.02◦ , ξ ≈ 5.8 (IV.6)
with (m1,m2,m3) ∼ (1, 1.6, 7.2) in units of m1. This is just meant to display a particular
numerical example that is compatible with observation.
The conclusion to draw is simply that the Private Higgs model with Σ(81) symmetry can fit
oscillation data with the “reasonable” ratio of couplings ρ1/ρ2 ∼ O(1) [in the particular case
of Eq. (IV.6) we have ρ1/ρ2 ≈ r/8 ≈ 2.1] and with ∆m2atm > 0.
In our model the diagonal entries of the Majorana neutrino mass matrix remain freely ad-
justable parameters, just like the charged fermion masses. We imagine that yet a further
high-energy completion of the “low-energy” PH model with Σ(81) symmetry, perhaps into
the continuous Lie group U(3), could shed light on the “typical” values of these parameters.
V Lepton magnetic moments
In our model, the dominant new contribution to the magnetic moment of charged leptons
comes from neutral Higgs exchange.18 In the Standard Model, the Higgs contributes to the
anomalous magnetic moment aα =
1
2
(gα − 2) of lepton α = e, µ, τ from the 1-loop diagram
in Fig. 2. For mH  mα, this diagram yields the standard textbook result [22]:
aSMα ≈
y2α
(4pi)2
m2α
m2H
ln
m2H
m2α
. (V.1)
In the SM, these contributions are negligible because of the small Yukawa couplings for
charged leptons. In our model, the Yukawa couplings are independent of flavor and are also
possibly O(1). Moreover, when we diagonalize the scalar mass matrix,
HW
He
Hµ
Hτ
 = U

H
H1
H2
H3
 (V.2)
we find that each Private Higgs field is a linear combination of H, the SM Higgs, and the
heavier mass eigenstates Hi. In particular, for the muon we have:
Hµ ≈ H2 +
ySMµ
yPHµ
(1 + ...)H + ... (V.3)
18The contribution to the muon magnetic moment from charged Higgs exchange is unobservably small.
This can be seen from the diagram for µ→ 3e given in Fig. 4 with the neutral Higgs line removed, a photon
line attached to the charged scalar propagator, and the e† replaced by µ†. Then the diagram has the correct
chirality for a magnetic coupling ∼ Fµνµσµν µ¯+ h.c. and involves a factor of (mν)µe in the numerator.
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γeα
eα eα
eα
αe
αe
H
x
[e (p) in] [e (p ) out]
†
mα
Figure 2: One-loop contribution to the anomalous magnetic moment of lepton α = e, µ, τ in the
SM due to Higgs exchange. We use two-component spinor notation for the diagram, in which
each vertex is labeled by the fields that comprise the corresponding interaction in the Lagrangian,
and the arrows denote spin: they point toward an undotted (12 , 0) index and away from a dotted
(0, 12) index in each vertex. The X in the eαe¯α line is a reminder that this propagator involves
a power of lepton mass in the numerator and does not flip chirality, whereas the vectorlike
interaction with the photon does flip chirality. There is also a second diagram in which the
mass insertion is on the other leg of the triangle, and the electron-photon vertex is of the form
Aµe¯
†
ασ¯µe¯α (instead of −Aµe†ασ¯µeα). In our model, there are two leading contributions to the
anomalous magnetic moment: an SM-like contribution from the mostly-W Higgs, HW ≈ H, and
a new contribution from the mostly-α Higgs, Hα.
where the first ellipsis denotes small (but possibly non-negligible) corrections to the SM
Higgs-like coupling ∝ mµ/v, and the second ellipsis stands for corrections due to quartic
couplings of the form ∼ φ†αφαφ†βφβ, which are assumed to be negligibly small, as explained in
the original Private Higgs proposal and as we will discuss below Eq. (VIII.1). The SM-like in-
teraction reproduces Eq. (V.1), which can be ignored relative to the usual electroweak effects.
To evaluate the contribution from neutral Hµ exchange to g − 2 of the muon, it is a suf-
ficiently good approximation to simply think of the neutral Higgs boson that propagates
in the loop for lepton α as being the Private Higgs boson Hα, whose approximately flavor-
independent mass Mφ` is larger than the mass of the SM Higgs. Thus Eq. (V.1) is replaced
by:
aα ≈ y
2
`
(4pi)2
m2α
M2φ`
ln
M2φ`
m2α
. (V.4)
The contribution to the magnetic moment of the electron ae ∼ 10−2 ×
(
10−4GeV
103GeV
)2
∼ 10−16
is much larger than the Higgs contribution in the SM, but is still much smaller than the
experimental uncertainty of ∼ 10−12. The contribution to the muon magnetic moment is a
12
factor m2µ/m
2
e ∼ 106 times larger, and is therefore in a range interesting for phenomenology:
aµ ∼ (10−10 − 10−9)
(
TeV
Mφ`
)2
(V.5)
If we take seriously the reported 3σ discrepancy from the SM prediction [23]
δaµ ≡ aexpµ − aSMµ = (4.3± 1.6)× 10−9 (V.6)
then our model can fit the deviation from the SM, provided that the Yukawa couplings are
large and the Private Higgs mass is about a TeV. For example, y` = 1 and Mφ` = 530 GeV,
or19 y` = 2 and Mφ` = 1.1 TeV, imply aµ ≈ 4.3 × 10−9. For smaller values of y` and larger
values of Mφ` , the contribution to the magnetic moment becomes smaller in magnitude than
the electroweak contributions of the SM and can be dropped. Thus in general our model
predicts that the anomalous magnetic moment of the muon is at most of order δaµ and at
least as large as in the SM.
VI Lepton flavor violation
Let us expand the lepton-Higgs doublets about their vacuum expectation values:
φα =
( 1√
2
(vα +Hα + iχα)
φ−α
)
. (VI.1)
Here Hα and χα are the physical CP-even and CP-odd parts, respectively, of the neutral
component φ0α of the lepton-Higgs doublets. Just as for the neutrino mass matrix, we will
estimate the lepton flavor violating effects in the Higgs-flavor basis. The analysis of this
section follows closely the phenomenology of the original PH model for leptons [3], with the
notable exception that here we have Mφe ≈ Mφµ ≈ Mφτ ∼ TeV instead of the original pro-
posal Mφe Mφµ Mφτ .
The interaction Mˆh+eµφe ·φµ from Eq. (III.5) generates an effective vertexL = 1√2 yeff µνeφ+e +
h.c. at one loop through the diagram in Fig. 3.
Including the exchange of the CP-odd state χµ, the dimensionless coefficient of this effective
vertex is
yeff ≈ fy`
(4pi)2
Mˆmµ
M2h
ln
M2h
M2φ`
. (VI.2)
19The value y` = 2 is toward the upper limit for validity of perturbation theory but remains acceptable,
which we argue as follows. If we approximate the beta function for the Yukawa coupling as µdy`/dµ ≈
a y3`/(4pi)
2, we can estimate the location Λ` of the Landau pole, defined by y
−2(Λ`) ≡ 0. [24] Using the value
at mτ as input, y`(mτ ) =
√
2mτ/vτ , we find Λ` = mτ exp
[
1
a
(
4pi
y`(mτ )
)2]
. The location of the pole is larger
than ∼ 10 TeV provided that y`(mτ ) . 4pi a−1/2 ≈ 8, where we have used a = 52 . [25] This is of course a
crude estimate, but the point is that relatively large values y` ∼ 1 can be considered.
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Xμ μνe νeμ μ
µ
µ
m
heµ
+
heµ
–
φe
+
φe
+
H
Figure 3: The effective µνeφ+e vertex at one loop. The arrow indicates taking the limit in which
the scalars circulating in the loop are significantly more massive than the muon.
Integrating out φ±e leads to the effective interaction L = 4
√
2G
(µ→νeν¯ee)
F (µνe)(νee)+h.c. with
a 4-fermi constant
G
(µ→νeν¯ee)
F ≈
fy2`
128pi2
Mˆmµ
M2φ`M
2
h
ln
M2h
M2φ`
. (VI.3)
As denoted, this leads to a flavor changing charged current (FCCC) contribution to muon
decay. Compared with the SM muon decay Lagrangian L = 4
√
2GF (µνe)(ν
†
µe
†) + h.c. with
GF = 1.166× 10 TeV−2, the new contribution is suppressed by the ratio
G
(µ→νeν¯ee)
F
GF
∼ fMˆ TeV
10M2h
. (VI.4)
where we have taken y` ∼ 1, Mφ` ∼ TeV, and ln M
2
h
M2φ`
∼ 1. For example, taking Mˆ ∼ TeV
and Mh ∼ 10 TeV, requiring that the above ratio be less than 10−3 implies only the rather
weak constraint that f < 1, which is readily satisfied in our model.
Another non-standard contribution to FCCC-mediated muon decay comes from integrating
out the charged boson h+eµ. Dropping small mixing terms with φ
+
e and φ
+
µ , the interactions
of Eq. (III.1) result in the effective Lagrangian
Leff ≈ f
2
M2h
(νeµ)(ν
†
µe
†) + h.c. (VI.5)
Therefore the Fermi constant measured from muon decay gets an extra contribution of order
∼ f2
M2h
/GF compared to the value of GF extracted from hadronic weak decays. Requiring the
discrepancy between the two to be less than 10−3 results in the constraint [26]
Mh > f × (103G−1F )1/2 ∼ 10f TeV . (VI.6)
14
If we take Mh ∼ 10 TeV, we can satisfy this equation even for a coupling as large as f ∼ 1.
Potentially dangerous flavor changing neutral currents (FCNC) arise from diagrams simi-
lar to the above, but with a neutrino running in the loop instead of a charged lepton. These
amplitudes are therefore suppressed by a neutrino mass in the numerator and thereby result
in negligible branching fractions.
For example, the polarized muon decay µ−R → e−Re+Le−L arises from the one loop diagram
in Fig 4.
Xμ† νµ† νµ†
φµ
+
φµ
–
e†
heµ
–
heµ
+
He
e
e
(m )ν µµ
(e  out)+L
(e  out)–L
(e  out)–R(µ   in)
–
R
*
Figure 4: One loop contribution to µ−R → e−Re+Le−L . The diagram for µ−R → e−Rγ is obtained
by replacing the He propagator with the VEV 〈φ0e〉 and attaching an external photon to the
charged h±eµ or φ±µ line. The X in the neutrino propagator denotes a power of neutrino mass in
the numerator, which suppresses the rate significantly.
This diagram, along with the diagram for χe exchange, results in the effective Lagrangian
L 1-loopeff = 4
√
2G
(µ→3e)
F (µ
†e†)(ee) + h.c. (VI.7)
where the effective Fermi coupling is
G
(µ→3e)
F ≈
fy2`
128pi2
Mˆ(mν)
∗
µµ
M2φ`M
2
h
ln
M2h
M2φ`
. (VI.8)
This is identical in form to the FCCC coupling discussed previously, suppressed by the ratio
G
(µ→3e)
F
G
(µ→νeν¯ee)
F
∼ mν
mµ
∼ 10−10 − 10−8 . (VI.9)
With G
(µ→νeν¯ee)
F /GF . 10−3, the µ → 3e decay is suppressed by at least a factor ∼ 10−11
at the level of the amplitude, resulting in a branching fraction less than 10−22, which is
15
much smaller than the existing upper bound of ∼ 10−12 [27]. Other FCNC processes such
as µ− → e−γ and Z → µ−τ+ are similarly suppressed by a factor of mν and are therefore
unobservably small [28].
VII Quark masses
The basic structure of this model can be carried over immediately to the quark sector.
Introducing Private Higgs fields φD ∼ (2,−12) and φU ∼ (2,+12) for the quarks, we can
identify the quark sector with the lepton sector through the correspondence:
`
e
N
φ`
φν
↔

q
d
u
φD
φU
 . (VII.1)
Just as φ` = (φe, φµ, φτ ) and φν = (φνe , φνµ , φντ ) are flavor triplets, here we have φD =
(φd, φs, φb) and φU = (φu, φc, φt). To prevent the lepton-Higgs fields from coupling to the
quarks and the quark-Higgs fields from coupling to leptons, the triplets in the quark sector
should not be the defining triplet 3 but rather one of the other three complex triplet repre-
sentations, 3′, 3ˆ, or 3˜ [see Table 2 and Eq. (A.38)]. Since we have already assigned the spin-0
charged bosons h− to the 3′, we have the choice of either 3ˆ or 3˜ for the quark triplets.
Interestingly, the product 3ˆ×3ˆ×3ˆ contains three different invariants of Σ(81) [see Eq. (A.53)],
so if the quarks and quark-Higgs were assigned to the 3ˆ there would be three Yukawa couplings
for the down-type quarks and three for the up-type quarks. Instead, since 3˜× 3˜ = 3˜∗⊕ 3⊕ 3
[see Eq. (A.57)], the product 3˜ × 3˜ × 3˜ contains only one invariant, just like the product
3× 3× 3 for leptons. Therefore, we assign the quarks and quark-Higgs fields to the 3˜ repre-
sentation.
The quark Yukawa couplings are
L qYuk = yD(q1 ·φd d+ q2 ·φs s+ q3 ·φb b)− yU(q1 ·φu u+ q2 ·φc c+ q3 ·φt t) + h.c. (VII.2)
The quark masses are therefore determined by Private Higgs VEVs20 and two generation-
independent couplings, one for the down-type quarks and one for the up-type quarks:
md,s,b = yD〈φ0d,s,b〉 and mu,c,t = yU〈φ0u,c,t〉 . (VII.4)
20Note that since mt ≈ 173 GeV is larger than mW , the W boson gets contributions from both the t-Higgs
and the W -Higgs, so that Eq. (II.5) gets modified to
mW ≈ 12g(v2W + v2t )1/2
[
1 +O
(
v2other
v2W + v
2
t
)]
. (VII.3)
This just means that vSM ≈ (v2W +v2t )1/2 ≈ 246 GeV gets roughly half its contribution from each of vW and vt
rather than purely from vW . In contrast to the other Private Higgs fields, the top-Higgs mixes substantially
with the W -Higgs, which should be interesting for LHC phenomenology.
16
The quark mass matrices for the up and down type quarks are simultaneously diagonal, and
so the CKM matrix is the identity to leading order. We can then generate nonzero mixing
angles at one loop by introducing the appropriate colored fields.21 Just as the h−αβ transform
as the components of a triplet 3′ distinct from the 3, these new colored fields will transform
as the components of a triplet. In view of 3˜× 3˜ = 3˜∗ ⊕ 3⊕ 3, the colored fields will have to
transform as the defining 3, the same representation assigned to the leptons.22 Introducing
other fields that transform as the remaining triplet 3ˆ may have interesting phenomenological
consequences [see Eqs. (A.41), (A.46), (A.54) and (A.56)].
The immediate phenomenological challenge to the possibility of adapting this model for
the quark sector has to do with the flavor changing requirements in the quark sector, which
are significantly more stringent than those for the leptons. Since our emphasis here is the
lepton sector, we will postpone the construction of a realistic CKM matrix to future work,
and so a full discussion of flavor physics in the quark sector is beyond the scope of this paper.
The purpose here is to present an alternative approach to the quark flavor puzzle: in the SM,
the quark mass matrices are in principle arbitrary, and so the question is why they should
be approximately diagonal in the same basis. In the PH model, the quark mass matrices are
engineered to be diagonal, and the question arises as to why VCKM should deviate from the
unit matrix at all.
VIII Scalar potential
Let us now discuss the scalar potential for our model. The most general scalar potential for
the fields φW , φ`, φν , and S invariant under SU(2)× U(1)× Σ(81) is23:
VΣ(81) = M
2
φW
φ†WφW +M
2
φ`
∑
α= e,µ,τ
φ†αφα +M
2
φν
∑
α= e,µ,τ
φ†ναφνα +M
2
S
∑
α= e,µ,τ
S†αSα
+
√
2
(
−µ
∑
α= e,µ,τ
Sαφ
†
αφW − µ′
∑
α= e,µ,τ
S†αφνα·φW + 13 µ˜
∑
α= e,µ,τ
S3α + h.c.
)
+ λW (φ
†
WφW )
2 + λS(
∑
α
S†αSα)
2 + λ′S(S
†
eSeS
†
µSµ + cyclic) + V
quartic
Σ(81) (VIII.1)
where V quarticΣ(81) contains all allowed quartic interactions other than those displayed explicitly
in Eq. (VIII.1). We assume that all of the couplings in V quarticΣ(81) are of the correct sign so as to
stabilize the potential for large values of the fields, but that they are otherwise negligible for
21The idea of generating hierarchical quark masses and mixing angles at one, two, and three loops was
explored by Babu and Mohapatra in the context of an S3 model [29]. An approach along the lines of our
model would attempt to generate a realistic CKM matrix at one loop, in analogy with neutrino mixing.
22Color SU(3) invariance will prohibit tree level interactions, but it is conceivable that loop level interac-
tions may still have interesting implications for neutrino mixing [30].
23Note the presence of the flavor-diagonal S3α terms for the SM-singlet scalars. This is in contrast to the
original Private Higgs model, for which such terms were forbidden by Z2 parities. A similar approach was
also used by E. Ma in the context of a different model [31].
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perturbative dynamics. In other words, just as in the original PH model [2, 3], we assume
that it is a good approximation24 to ignore the terms in V quarticΣ(81) .
The potential VΣ(81) is minimized when all VEVs are independent of flavor, and so the
charged leptons would be degenerate in mass. This is of course phenomenologically unac-
ceptable. To fix this problem, we would like to forbid the bare cubic terms Sαφ
†
αφW and
S†αφνα·φW , and then re-introduce these terms with parametrically smaller, flavor-dependent
couplings µα and µ
′
α.
To do this, we impose an auxiliary flavor-independent Z3 symmetry, denoting its genera-
tor by Ω ≡ e i2pi/3. Under this ZΩ3 , the Higgs doublets φ` and φν transform as Ω, while the
fields S, e, and N transform as Ω∗. The lepton doublets ` and the spin-0 charged bosons h−
do not transform under ZΩ3 . Note that this ZΩ3 also forbids the interaction h+αβφα ·φβ.
The sequence of flavor symmetry breaking should be
Σ(81)× ZΩ3
M
→ (Ze3 × Zµ3 × Zτ3)× ZΩ3
M′
→ Ze3 × Zµ3 × Zτ3
M′′
→ ∅ . (VIII.2)
for some scales M ∼ M′ >M′′ & 102 GeV. At the scale M, the full Σ(81) = (Ze3 × Zµ3 ×
Zτ3) o ZC3 symmetry is broken to its abelian discrete subgroup Ze3 × Zµ3 × Zτ3, but the un-
broken ZΩ3 symmetry still forbids the interactions Sαφ†αφW and S†αφνα·φW . Then at the scale
M′, the ZΩ3 is broken, generating small (relative to M′) coefficients µα and µ′α for Sαφ†αφW
and S†αφνα·φW , respectively. Since Σ(81) is broken, these coefficients can in principle depend
strongly on flavor, as indicated by the label α = e, µ, τ . It is possible for the two scales to
coincide, as we will show in a particular example. Finally, the scale M′′ corresponds to the
largest VEV that breaks any of the flavor-dependent Zα3 , namely the largest 〈Sα〉.
Therefore, the potential we use in our model is
V = VΣ(81)×ZΩ3 + Vsoft + ... (VIII.3)
24For Yukawa couplings of order 1, one might worry that negligible quartic couplings at µ ∼ TeV could
blow up at low energy. If y` ∼ 1, the leading order contribution to the renormalization of λα(φ†αφα)2 comes
from a box diagram with four external α-Higgs lines and the lepton α running in the loop [32]. This diagram
is O(y4` ), so for large Yukawa couplings we approximate the beta function for λα as (4pi)
2µdλα/dµ ≈ −b y4`
with b > 0. (This is just a crude approximation; λφ4 theory coupled to fermions is not asymptotically
free. [33]) Approximating (4pi)2µdy`/dµ ≈ a y3` as before, we find λα(µ) − λα(µ0) = − b2a [y2` (µ) − y2` (µ0)]
= − b2ay2` (µ0)
{[
1− a[y`(µ0)/4pi]2 ln(µ/µ0)
]−1 − 1}. For example, taking α = e with a = 52 and b = 4
[25] and running from µ0 = TeV to µ = me, we have λe(me) − λe(TeV) = O(10−5) for y`(TeV) = 0.1,
λe(me) − λe(TeV) = 0.15 for y`(TeV) = 1, and λe(me) − λe(TeV) = 1.5 for y`(TeV) = 2. In any case, as
long as the theory remains perturbative, a term 14λev
4
e in Eq. (VIII.1) would have no qualitative effect on the
dynamics of the theory, partially because ve  vW and partially because the interaction is diagonal in flavor.
Flavor off-diagonal effective interactions (φ†WφW )(φ
†
αφα) and (φ
†
αφα)(φ
†
βφβ) do not receive contributions from
Yukawa couplings at leading order, and therefore can remain small for all scales in the model.
18
where
VΣ(81)×ZΩ3 = M
2
φW
φ†WφW +M
2
φ`
∑
α= e,µ,τ
φ†αφα +M
2
φν
∑
α= e,µ,τ
φ†ναφνα +M
2
S
∑
α= e,µ,τ
S†αSα (VIII.4)
+
√
2
(
1
3
µ˜
∑
α= e,µ,τ
S3α + h.c.
)
+ λW (φ
†
WφW )
2 + λS(
∑
α
S†αSα)
2 + λ′S(S
†
eSeS
†
µSµ + cyclic)
and
Vsoft = −
√
2
∑
α= e,µ,τ
(
µαSαφ
†
αφW + µ
′
αS
†
αφνα·φW + h.c.
)
. (VIII.5)
The ellipsis in Eq. (VIII.3) denotes quartic Higgs-Higgs, scalar-scalar, and Higgs-scalar inter-
actions, which we assume to be negligible, and small flavor-dependent corrections to the bare
parameters contained in VΣ(81)×ZΩ3 . We imagine that flavor-dependent corrections are of the
order µmaxα ∼ (µ′α)max ∼ εM′, where ε is a small number parametrizing the effect of either a
small coupling or a loop factor 1/(4pi)2 ∼ 10−2. Thus taking M′ ∼ TeV, we take the largest
of the dimensionful flavor-asymmetric parameters to be µmaxα ∼ (µ′α)max ∼ 10 GeV ∼ 10mτ .
Before discussing a particular realization of this idea, let us first treat Eqs. (VIII.3), (VIII.4),
and (VIII.5) as an effective field theory and work out its consequences for the boson masses.
We choose the basis of VEVs such that 〈φ0W 〉 ≡ 1√2 vW is real. We will also fix uni-
tary gauge, in which the Goldstone bosons G0 ≡ vWχW +
∑
α(vαχα + v
′
αχνα) and G
± ≡
vWφ
±
W +
∑
α(vαφ
±
α + v
′
αφ
±
να) are set to zero. Since vW is much larger than vα and v
′
α, in
practice fixing unitary gauge amounts to setting χW and φ
±
W approximately equal to zero,
up to corrections at most of order vτ/vW ∼ mτ/mW ∼ 10−2:
φW ≈
( 1√
2
(vW +HW )
0
)
(unitary gauge) . (VIII.6)
As far as the SU(2) × U(1) gauge interactions are concerned, the real field HW is the SM
Higgs up to small corrections. Expanding the other Higgs doublets about their VEVs, we
write
φα =
( 1√
2
(vα e
iθα +Hα + iχα)
φ−α
)
, φνα =
(
φ+να
1√
2
(v′α e
iθ′α +Hνα + iχνα)
)
. (VIII.7)
For simplicity, we assume that the VEVs are real: θα = θ
′
α = 0. We also have
Sα =
1√
2
v˜α e
iθ˜α + sα (VIII.8)
where the sα are physical complex SM-singlet spin-0 bosons. Again for simplicity we set
θ˜α = 0. We will leave the study of CP-violating phenomenology for future work.
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The mostly-HW state serves as the SM-like Higgs boson, and has a squared mass ∼ λWv2W .
The mostly-PH states have masses determined by minimizing the potential to be
M2φ` =
µαv˜αvW
vα
and M2φν =
µ′αv˜αvW
v′α
. (VIII.9)
To the extent to which the bare parameters M2S and µ˜ are independent of flavor, the scalar
VEVs are independent of flavor:
v˜e ≈ v˜µ ≈ v˜τ ≡ v˜. (VIII.10)
To the same extent to which the bare parameters M2φ` and M
2
φν
are independent of flavor
[see, e.g., Eq. (IX.4)], we are forced to determine the Higgs VEVs vα and v
′
α by appropriately
tuning the soft parameters µα and µ
′
α:
µe : µµ : µτ = ve : vµ : vτ = me : mµ : mτ . (VIII.11)
Similarly, the ratios µ′e : µ
′
µ : µ
′
τ = v
′
e : v
′
µ : v
′
τ determine the diagonal entries in the Majorana
mass matrix for the light neutrinos. In contrast to the situation for charged lepton masses,
we do not know the required hierarchy of these entries. We could have v′e ∼ v′µ ∼ v′τ , or one
of the entries much smaller than the rest, for example v′e  v′µ ∼ v′τ . This is, of course, an
accommodation of the empirical data rather than a prediction of it. The theoretical distinc-
tion from previous work (e.g. the original Private Higgs model) is that the charged lepton
masses are determined by a hierarchy in “soft” parameters µα rather than by a hierarchy in
PH masses.
Taking µτ/vτ ∼ 10, v˜ ∼ TeV and vW ∼ 102 GeV, we find
M2φ` ∼ (TeV)2 . (VIII.12)
This is consistent with our prediction for the anomalous magnetic moment of the muon.
For the sake of not having scales higher than ∼ 10 TeV, then v˜ vW ∼ 10−1 TeV2 implies
that we should take µ′α/v
′
α no larger than ∼ 103. It is consistent to take µ′τ ∼ µτ ∼ 10 GeV
and v′τ ∼ 10−3µ′τ ∼ 10 MeV. We can then take v′µ ∼ (1− 10) MeV and v′e  MeV, in a spirit
similar to ve  vµ ∼ 10−1vτ for the charged leptons.
IX An example of soft symmetry breaking
Now we discuss one way to obtain the potential of Eq. (VIII.3). The reader is encouraged to
find alternative high-energy completions.
Let σ0, σ1, and σ2 be SM-singlet complex scalar fields that transform with the phase Ω
under the auxiliary symmetry ZΩ3 . Let these fields also transform as σ0 ∼ 1, σ1 ∼ 1′, and
σ2 ∼ (1′)∗ under Σ(81). We introduce the usual negative mass-squared instability for each
of the σi so that they obtain nonzero VEVs.
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The fields σ1 and σ2 are charged under Σ(81) but are invariant under the abelian subgroup
Ze3 × Zµ3 × Zτ3 (see Table 1 in the appendix), and all σi are charged under ZΩ3 . Therefore,
when the σi obtain VEVs the flavor symmetry breaks as Σ(81)×ZΩ3 → Ze3×Zµ3 ×Zτ3. In the
notation of Eq. (VIII.2), we have M =M′ = max(〈σ0〉, 〈σ1〉, 〈σ2〉).
Since 3× 3∗ = 1⊕ 1′ ⊕ (1′)∗ ⊕ ... in Σ(81) [see Eq. (A.43)], the fields σi allow the [SU(2)×
U(1) × Σ(81) × ZΩ3 ]-invariant interactions λ0σ†0(Sφ†)1 + λ1σ†1(Sφ†)1′ + λ2σ†2(Sφ†)1′′ ]φW =
(λ0σ
†
0+λ1σ
†
1+λ2σ
†
2)Seφ
†
eφW+(λ0σ
†
0+ωλ1σ
†
1+ω
∗λ2σ
†
2)Sµφ
†
µφW+(λ0σ
†
0+ω
∗λ1σ
†
1+ωλ2σ
†
2)Sτφ
†
τφW .
When the σi pick VEVs, we obtain the soft potential of Eq. (VIII.5) with dimensionful
couplings
µe =
1√
2
(λ0〈σ0〉∗ + λ1〈σ1〉∗ + λ2〈σ2〉∗) ,
µµ =
1√
2
(λ0〈σ0〉∗ + ωλ1〈σ1〉∗ + ω∗λ2〈σ2〉∗) ,
µτ =
1√
2
(λ0〈σ0〉∗ + ω∗λ1〈σ1〉∗ + ωλ2〈σ2〉∗) . (IX.1)
We would like these couplings to be at most a few orders of magnitude smaller than the
weak scale. Even if 〈σi〉 ∼ (1 − 10) TeV & 〈Sα〉 ∼ TeV, we can have µα . 10 GeV if the
couplings25 λi are of order ∼ 10−3 − 10−2.
Note that if the λi and 〈σi〉 are all real, then µµ = µτ but µµ,τ 6= µe. This can be viewed
as a motivation for taking the second and third generation µα (and µ
′
α) as “comparable,”
while treating µe and µ
′
e as somehow “special.” This is an attractive scenario to explain the
neutrino Higgs VEVs v′µ ≈ v′τ , but the charged lepton relation vµ/vτ = mµ/mτ ≈ 5.9%
requires some fine tuning, as in many flavor models based on non-abelian groups.
Note also that the field σ0 allows the dimension-4 interaction
λhσ0(h
+
µτφµ ·φτ + h+τeφτ ·φe + h+eµφe ·φµ) . (IX.2)
The VEV of σ0 generates the dimension-3 interaction of Eq. (III.2) with coefficient Mˆ =
λh〈σ0〉. The scale 〈σ0〉 ∼ (1− 10) TeV times a coupling λh ∼ 10−1 − 1 results in Mˆ ∼ TeV,
which is the case studied in the previous sections.
Furthermore, the fields σ0, σ1, and σ2 result in small flavor-dependent corrections to the
PH masses. In particular, the operator (φ†`φ`)1 couples to |σ0|2, |σ1|2, and |σ2|2, the op-
erator (φ†`φ`)1′ couples to σ0σ
†
1 and σ
†
0σ2, and the operator (φ
†
`φ`)(1′)∗ couples to σ
†
0σ1 and
σ0σ
†
2. Explicitly, defining A ≡ (a0|σ0|2 + a1|σ1|2 + a2|σ2|2), B ≡ (b1σ0σ†1 + b2σ†0σ2), and
25In terms of scales, this is analogous to the soft breaking of chiral symmetry in QCD. The SM Higgs
VEV v ∼ 102 GeV is much larger than the chiral symmetry breaking scale ξ ∼ 102 MeV, while the light
quark masses mq =
1√
2
yqv ∼ (1− 102)MeV, which break SU(3)L × SU(3)R softly to the diagonal subgroup
SU(3)V , are much smaller than ξ despite being proportional to v.
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C ≡ (c1σ†0σ1+c2σ0σ†2), we have:
A(φ†`φ`)1 +
1
2
[
B(φ†`φ`)1′+C(φ
†
`φ`)(1′)∗+h.c.
]
= δM2φeφ
†
eφe + δM
2
φµφ
†
µφµ + δM
2
φτφ
†
τφτ (IX.3)
where
δM2φe = A+Re(B+C) , δM
2
φµ = A+Re(ωB+ω
∗C) , δM2φτ = A+Re(ω
∗B+ωC) . (IX.4)
The couplings a0,1,2, b1,2, and c1,2 are in general complex and can be adjusted to give different
values for each of the δM2φα .
X Discussion
We have presented a group theoretic origin for the leptonic Private Higgs model using the
discrete group Σ(81) = (Z3 × Z3 × Z3)o Z3.
The model contains extra Higgs doublets with a common mass at the TeV scale, whose
vacuum expectation values determine the charged lepton mass hierarchy me  mµ  mτ .
The model also contains three nearly degenerate TeV-scale, gauge-singlet neutrinos and some-
what heavier charged SU(2)-singlet bosons. The model relies on the existence of TeV-scale
SM-singlet scalars, whose VEVs drive electroweak symmetry breaking for the extra Higgs
fields and provide masses for the heavy neutrinos.
Given that much of the new physics here is proposed to occur at the TeV scale, the model
should be readily falsifiable depending on the results of LHC searches for new physics. In the
end of the day, one could always push the masses of the PH fields higher, but one might then
have to worry about sizable RG flows in the scalar potential. A full discussion of LHC phe-
nomenology should be done in the context of a Σ(81)-based Private Higgs model for quarks,
which we postpone to future work.
The key assumption is that the scalar potential supports a configuration in which the lepton
masses break Σ(81) softly to an abelian discrete subgroup Z3×Z3×Z3, and we have provided
one explicit example of such a configuration. We encourage the reader to find alternative
justifications for the soft potential in Eq. (VIII.5).
Although the Σ(81) symmetry reduces the number of free parameters from the original
Private Higgs model, a further reduction of free parameters is desirable. Since Σ(81) is a
subgroup of U(3), it is conceivable that this model can be embedded in a higher theory that
could provide a dynamical justification for the magnitudes of the various VEVs in the theory.
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A The group Σ(81)
The group Σ(81) ≡ (Z3×Z3×Z3)oZ3 can be defined as the set of diagonal 3-by-3 matrices
of the form diag(ωp1 , ωp2 , ωp3), where ω ≡ e i2pi/3 is the cube root of 1 and pi are integers,
supplemented with right-multiplication by the cyclic permutation matrix c and its inverse
a = c−1 = cT [see Eq. (A.11)]. There are 33 × 3 = 81 such matrices, so this is a non-abelian
discrete group of order 81. In this appendix we detail the construction of this group and
derive its equivalence classes and tensor multiplication rules.
A.1 Preliminaries
Let a and b be elements of the groups A and B, respectively. Let B be a subgroup of A,
denoted B < A. If aba−1 is also an element of B (for all a  A and b  B) then B is said to
be an invariant subgroup26 of A. This is denoted by B / A.
The concept of invariant subgroup can be combined with the concept of product groups
to define what is known as the semi-direct product. Let H and G be groups, and define the
semi-direct product group K ≡ H o G. For elements (h, g)  K, the semi-direct product is
defined by the group multiplication property
(h1, g1) · (h2, g2) = (h1g1h2g−11 , g1g2) . (A.1)
In other words, one uses G to act on elements of H before using those elements of H. The
operation of Eq. (A.1) makes sense only if g1h2g
−1
1  H, so that elements of the form (h, I)
specify an invariant subgroup of K = H oG.
Let us verify some basic group properties of the semi-direct product. First, the group is
associative, as can be seen by multiplying three elements in both possible orders:
((h1, g1) · (h2, g2)) · (h3, g3) = (h1g1h2g−11 , g1g2) · (h3, g3)
= (h1g1h2g
−1
1 (g1g2)h3(g1g2)
−1, g1g2g3) = (h1g1h2g2h3g−12 g
−1
1 , g1g2g3)
(h1, g1) · ((h2, g2) · (h3, g3)) = (h1, g1) · (h2g2h3g−12 , g2g3)
= (h1g1(h2g2h3g
−1
2 )g
−1
1 , g1g2g3) = (h1g1h2g2h3g
−1
2 g
−1
1 , g1g2g3) . (A.2)
Next, let us verify that every element has an inverse by solving the equation (h1, g1)·(h2, g2) =
(I, I) for (h2, g2). By Eq. (A.1), we have g1g2 = I =⇒ g2 = g−11 , and h1g1h2g−11 = I =⇒
h2 = g
−1
1 h
−1
1 g1. The latter makes sense because, as stated previously, if g is an element of
G and h is an element of H, then ghg−1 and g−1h−1g = (ghg−1)−1 are also elements of H.
Therefore,
(h1, g1) · (g−11 h−11 g1, g−11 ) = (I, I) . (A.3)
Furthermore, we can verify that the left inverse equals the right inverse:
(g−11 h
−1
1 g1, g
−1
1 ) · (h1, g1) = (g−11 h−11 g1g−11 h1(g−11 )−1, g−11 g1) = (I, I) . (A.4)
Thus K = H oG is a group.
26This is also called a normal subgroup.
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A.2 Z3 × Z3 × Z3
The cyclic group of order n, denoted Zn, is an abelian group generated by the phase ωn ≡
e i2pi/n. The direct product of m such cyclic groups, Zmn ≡ Zn × ... × Zn (m copies), is an
abelian group generated by the elements
ζ(p1,p2,...,pm)n ≡ (ωp1n , ωp2n , ..., ωpmn ) (A.5)
where the pi denote the power to which each phase ωn is raised. The group Zmn therefore has
a total of nm distinct elements.
It is possible to represent the group elements ζ
(p1,p2,...,pm)
n as diagonal m-by-m matrices
R(ζ(p1,p2,...,pm)n ) ≡ diag(ωp1n , ωp2n , ..., ωpmn ) . (A.6)
This is just a trivial repackaging of Eq. (A.5), stating that each Zn factor lives in its own world.
We now specialize to the case n = m = 3. The group Z3 is generated by the phase
ω ≡ ω3 ≡ e i2pi/3, which satisfies ω3 = 1, ω2 = ω∗, and 1 + ω + ω2 = 0. The 3-by-3
diagonal matrices
ze ≡ R(ζ(1,0,0)3 ) =
ω 0 00 1 0
0 0 1
, zµ ≡ R(ζ(0,1,0)3 ) =
1 0 00 ω 0
0 0 1
, zτ ≡ R(ζ(0,0,1)3 ) =
1 0 00 1 0
0 0 ω

(A.7)
and their inverses generate three copies of Z3:
Ze3 ≡ {I, ze, z∗e} , Zµ3 ≡ {I, zµ, z∗µ} , Zτ3 ≡ {I, zτ , z∗τ} . (A.8)
The matrix products of ze, zµ, and zτ generate the 3-by-3 matrix representation of the direct
product group
F ≡ Ze3 × Zµ3 × Zτ3 (A.9)
as described by the general case of Eq. (A.6). The 33 = 27 elements of F are:
F = {I; ze, zµ, zτ ; z∗e , z∗µ, z∗τ ;
zezµ, zµzτ , zτze; z
∗
ez
∗
µ, z
∗
µz
∗
τ , z
∗
τz
∗
e ;
z∗ezµ, z
∗
µzτ , z
∗
τze; zezµ, zµz
∗
τ , zτz
∗
e ;
z∗ezµzτ , z
∗
µzτze, z
∗
τzezµ; zez
∗
µz
∗
τ , zµz
∗
τz
∗
e , zτz
∗
ez
∗
µ;
zezµzτ = ωI, z
∗
ez
∗
µz
∗
τ = ω
∗I} (A.10)
We emphasize to the reader that we use the compact notation of Eq. (A.7) to denote the
3-by-3 direct sum representation for the elements of the group F . We could instead use
the group elements given in Eq. (A.5). For example, the equation zezµzτ = ωI could also
be written as ζ
(1,0,0)
3 ζ
(0,1,0)
3 ζ
(0,0,1)
3 = (ω, ω, ω) = ω(1, 1, 1) = ωI. In slight abuse of notation,
the symbol I should be understood as the identity element for whichever representation is
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employed.
At this stage the matrix representation is just a trivial repackaging of the same informa-
tion, namely that the different Zα3 live in different spaces and therefore do not talk to each
other. However, it is possible to extend the construction such that the different spaces get
mixed together, and for that purpose the matrix representation will prove convenient.
A.3 Σ(81) = (Ze3 × Zµ3 × Zτ3)o ZC3
The 3-by-3 representation of Z3 × Z3 × Z3 introduced in the previous section suggests an
extension that permutes the three Z3 groups.
Consider a fourth Z3 cyclic group whose elements are written in the (reducible) 3-dimensional
representation27:
ZC3 =
I =
1 0 00 1 0
0 0 1
 , c =
0 0 11 0 0
0 1 0
 , a =
0 1 00 0 1
1 0 0
 . (A.11)
Observe that the elements of ZC3 transform elements of F into other elements of F , due to
the properties
c
zezµ
zτ
 c−1 =
zµzτ
ze
 , a
zezµ
zτ
 a−1 =
zτze
zµ
 . (A.12)
This allows us to define the semi-direct product group28
Σ(81) ≡ (Ze3 × Zµ3 × Zτ3)o ZC3 . (A.13)
Groups of the form Hn oΠn, where H is any finite group and Πn is either Sn or a subgroup
of Sn, are called wreath products of H with Πn [34]. The group of Eq. (A.13) is therefore
called the wreath product of Z3 with Z3, and it is a non-abelian finite group of order 34 = 81.
Due to Eq. (A.12), we see that elements of the form (ζ, I), where ζ  F = Ze3×Zµ3 ×Zτ3, and
where I is the identity element of ZC3 , form an invariant subgroup of Σ(81). Note that the
elements of Σ(81) are unitary but have determinant not necessarily equal to 1, meaning that
Σ(81) is a subgroup of U(3) but not of SU(3).
For an example of the group multiplication rule, consider ze, zτ  F and c, a  ZC3 . Then
the action of (ze, c)  Σ(81) on (z
∗
τ , a)  Σ(81) is given by
(ze, c) · (z∗τ , a) = (ze(cz∗τc−1), ca) = (zez∗e , c c−1) = (I, I)  Σ(81) . (A.14)
This also shows that (z∗τ , a) is the inverse of (ze, c) in Σ(81).
27This representation is reducible as follows. Let a vector (v1, v2, v3) transform under the 3-dimensional
representation of Z3. Then the combination v1+v2+v3 is invariant under Z3, the combination v1+ω v2+ω∗v3
transforms with the phase ω under c, and the combination v1 + ω
∗v2 + ω v3 transforms with the opposite
phase ω∗ under c. Thus the triplet reduces into three singlets: 3 = 1⊕ 1′ ⊕ (1′)∗.
28This group is of the form Σ(3N3) ≡ (ZN × ZN × ZN )o Z3 with N = 3, hence the name Σ(81).
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A.4 Equivalence classes
It is now possible to separate the elements of Σ(81) into equivalence classes by explicitly
performing similarity transformations on all of its 81 elements.
To do this we will employ the matrices of Eqs. (A.7) and (A.11), which constitute the defin-
ing three-dimensional irreducible representation of Σ(81), which we denote simply by 3. Let
ζ  Ze3 × Zµ3 × Zτ3 and σ  ZC3 . Then the elements (ζ, σ)  Σ(81) act on a triplet ϕ ∼ 3 by the
ordered matrix multiplication given by
(ζ, σ) : ϕ→ ϕ ′ = ζσ ϕ . (A.15)
As discussed, the matrices ζ and σ do not commute, and their order of multiplication is
specified by the general multiplication rule of Eq. (A.1) and the example of Eq. (A.14).29
To separate the elements of Σ(81) into equivalence classes, it will be sufficient to consider sim-
ilarity transformations of the form g → gcα g (gcα)−1, where gcα ≡ zαc and g  Σ(81). Defining
gaα ≡ zαa and using Eq. (A.12), the group inverses of gcα and gaα are found to be
(gcα)
−1 = (gaα−1)
∗ and (gaα)
−1 = (gcα+1)
∗ . (A.16)
For the particular elements (ζ, σ) = (zβ, I) = zβ [the last equality denotes the representation
specified by Eq. (A.15)], with β = e, µ, τ , we have
gcαzβ(g
c
α)
−1 = gcα zβ(g
a
α−1)
∗ = zαczβz∗α−1a = zαczβc
−1cz∗α−1c
−1 = zαzβ+1z∗α = zβ+1 . (A.17)
The elements ze, zµ, zτ cycle into each other and form an equivalence class Cα with character
χ(Cα) = tr(ze) = 2 + ω. The conjugate elements z
∗
e , z
∗
µ, z
∗
τ form another class C
∗
α with char-
acter χ(C∗α) = 2 + ω
∗.
The other classes, to be listed below, are deduced as follows.
Applying the group arithmetic of Eq. (A.17) to elements of the form zαzβ (α 6= β), we
find that they form a class Cαβ with character χ(Cαβ) = tr(zezµ) = 1 + 2ω. Their conjugates
z∗αz
∗
β form a class C
∗
αβ with character χ(C
∗
αβ) = 1 + 2ω
∗.
Furthermore, elements of the form zαz
∗
β [where (α, β) = (e, µ), (µ, τ), (τ, e)] form a class
D βα with character χ(D
β
α ) = tr(zez
∗
µ) = 1 + ω + ω
∗ = 0. Their conjugates z∗αzβ form a
separate class (D βα )
∗ with character also equal to zero.
Next we have elements of the form zαzβz
∗
γ [where (α, β, γ) = (e, µ, τ), (τ, e, µ), (µ, τ, e)],
which form a class Eγαβ with character χ(E
γ
αβ) = tr(zezµz
∗
τ ) = 2ω + ω
∗. The conjugates form
a separate class Eαβγ = (E
γ
αβ)
∗ with character χ(Eαβγ ) = 2ω
∗ + ω.
29This is a matter of convention, since ζσ = σσ−1ζσ = σζ ′, where ζ ′ ≡ σ−1ζσ is also an element of
F = Ze3 × Zµ3 × Zτ3 since F is an invariant subgroup of Σ(81) = F o ZC3 .
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We also have the element zezµzτ , which by itself forms a class F with character χ(F ) =
tr(zezµzτ ) = 3ω. The conjugate element z
∗
ez
∗
µz
∗
τ forms a class F
∗ with character χ(F ∗) = 3ω∗.
The remaining classes are specified by elements defined with the cyclic permutation ma-
trix c and its inverse a = c−1 = c2. These classes will always have character equal to zero,
since the ζ  Ze3 × Zµ3 × Zτ3 are diagonal, while c and a are strictly off-diagonal.
Consider using the element gcα to perform a similarity transformation on another element
gcβ. Using Eqs. (A.12) and (A.16), we have:
gcα g
c
β (g
c
α)
−1 = gcαg
c
β(g
a
α−1)
∗ = zαczβcz∗α−1a = zαczβc
−1az∗α−1a
−1c = zαzβ+1z∗α−2c . (A.18)
For example, gceg
c
µ(g
c
e)
−1 = zezτz∗µc. So elements of the form zαc and zαzβz
∗
γc belong to the
same class, which we call Ccα. Their conjugates form a separate class, (C
c
α)
∗.
Observe that elements of these classes do not cube to the identity. For concreteness, consider
the element zec:
(zec)
3 =zec zec zec = zea
−1zec zec = a−1(azea−1)ze(czec−1)c2 = a−1zτzezµc−1 = c ωIc−1 = ωI .
(A.19)
Therefore, the minimum power to which elements in the classes Ccα and (C
c
α)
∗ must be raised
to obtain the identity is six.
Next, perform the similarity transformation by gce on zµzτc:
gce(zµzτc)(g
c
e)
−1 = zeczµzτcz∗τa = ze(czµc
−1)(czτc−1)(az∗τa
−1)c = z∗ez
∗
µzτc . (A.20)
Therefore the elements zezµc, zµzτc, zτzec and z
∗
ez
∗
µzτc, z
∗
µz
∗
τzec, z
∗
τz
∗
ezµc belong to the same
class. But since zezτz
∗
µ = (z
∗
ez
∗
τzµ)
∗ belongs to the same class as zµc = (z∗µc)
∗, these elements
belong to the classes Ccα and (C
c
α)
∗ defined previously.
Next, consider the similarity transformation by gce of the element zµz
∗
τc:
gce(zµz
∗
τc)(g
c
e)
−1 = zeczµz∗τcz
∗
τa = ze(czµc
−1)(cz∗τc
−1)(az∗τa
−1)c = zezτz∗ez
∗
µc = zτz
∗
µc . (A.21)
We see that zµz
∗
τc and z
∗
µzτc = (zµz
∗
τc)
∗ are related by a similarity transformation and there-
fore belong to the same class. The elements zez
∗
µc, zµz
∗
τc, zτz
∗
ec and their conjugates form a
self-conjugate class Dc βα = (D
c β
α )
∗. These elements cube to the identity:
(zµz
∗
τc)
3 = zµz
∗
τc zµz
∗
τc zµz
∗
τc = c(azµa
−1)(az∗τa
−1)zµz∗τ (czµc
−1)(cz∗τc
−1)c2
= c(zez
∗
µ)zµz
∗
τ (zτz
∗
e)c
−1 = I . (A.22)
Observe that
gce(z
∗
ez
∗
µz
∗
τc)(g
c
e)
−1 = zecz∗ez
∗
µz
∗
τcz
∗
τa = ze(cz
∗
ec
−1)(cz∗µc
−1)(cz∗τc
−1)(az∗τa
−1)c = zµz∗τc . (A.23)
Therefore z∗ez
∗
µz
∗
τc belongs to the same class as zµz
∗
τc. Additionally, the element c by itself
belongs to this class, since zecz
−1
e = zecz
−1
e c
−1c = zez−1µ c = zez
∗
µc.
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The above elements but with c replaced by a form their own classes, following the same
procedure as above. Thus we also have the classes Caα, (C
a
α)
∗, and Da βα = (D
a β
α )
∗.
In total, including the identity element as its own class CI , we have:
CI , Cα, C
∗
α, Cαβ, C
∗
αβ, D
β
α , (D
β
α )
∗, Eγαβ, (E
γ
αβ)
∗, F, F ∗, Ccα, (C
c
α)
∗, Dc βα , C
a
α, (C
a
α)
∗, Da βα .
(A.24)
This makes a total of nC = 17 equivalence classes.
A.5 Irreducible representations
We now use the defining triplet representation to find other irreducible representations.
Let ϕ = (ϕe, ϕµ, ϕτ ) be a field that transforms under the defining triplet representation,
and consider the group element g = (ze, I). According to Eq. (A.15), the action of g on ϕ is
given by (ze, I) : ϕ→ zeϕ, or in components
(ze, I) :
ϕeϕµ
ϕτ
→
ω ϕeϕµ
ϕτ
 . (A.25)
Letting χ = (χe, χµ, χτ ) ∼ 3 be another triplet field, we can use Eq. (A.25) to decompose the
product ϕχ ∼ 3× 3 into irreducible representations. We have:
(ze, I) :
ϕeχeϕµχµ
ϕτχτ
→
ω2ϕeχeϕµχµ
ϕτχτ
 ,
ϕµχτϕτχe
ϕeχµ
→
 ϕµχτωϕτχe
ωϕeχµ
 ,
ϕτχµϕeχτ
ϕµχe
→
 ϕτχµωϕeχτ
ωϕµχe
 .
(A.26)
Since ω2 = ω∗, the first of these transforms as the conjugate 3∗ of the defining representation.
The second transforms differently from 3 and 3∗, and therefore defines a new triplet repre-
sentation, 3′. The third transforms in the same way as the second, and so also transforms
under 3′.
Thus we arrive at the multiplication rule
3× 3 = 3∗ ⊕ 3′1 ⊕ 3′2 (A.27)
where, in terms of the components of ϕ ∼ 3 and χ ∼ 3, this reads explicitlyϕeϕµ
ϕτ
×
χeχµ
χτ
 =
ϕeχeϕµχµ
ϕτχτ
⊕
ϕµχτϕτχe
ϕeχµ
⊕
ϕτχµϕeχτ
ϕµχe
 . (A.28)
If desired, it is possible to change basis by symmetrizing and antisymmetrizing the new
triplets 3′i, in which case we write 3
′
1 ⊕ 3′2 = 3′A ⊕ 3′S.
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Next consider the product ϕχ∗ ∼ 3× 3∗. Using Eq. (A.25) and its conjugate, we find
(ze, I) :
ϕeχ∗eϕµχ∗µ
ϕτχ
∗
τ
→
ϕeχ∗eϕµχ∗µ
ϕτχ
∗
τ
 ,
ϕτχ∗µϕeχ∗τ
ϕµχ
∗
e
→
 ϕτχ∗µω ϕeχ∗τ
ω∗ϕµχ∗e
 ,
ϕµχ∗τϕτχ∗e
ϕeχ
∗
µ
→
 ϕµχ∗τω∗ϕτχ∗e
ω ϕeχ
∗
µ
 .
(A.29)
The first triplet is invariant under the zα and is therefore reducible under the generators of
ZC3 = {I, c, a} using the usual decomposition 3→ 1⊕1′⊕(1′)∗. The second triplet transforms
differently from 3, 3∗, 3′, and (3′)∗, and therefore defines another irreducible triplet, 3ˆ. The
third triplet transforms under the conjugate representation, 3ˆ∗.
Thus we arrive at the multiplication rule
3× 3∗ = 1⊕ 1′ ⊕ (1′)∗ ⊕ 3ˆ⊕ 3ˆ∗ (A.30)
given in components byϕeϕµ
ϕτ
×
χ∗eχ∗µ
χ∗τ
 =
 ϕeχ∗e + ϕµχ∗µ + ϕτχ∗τϕeχ∗e + ω ϕµχ∗µ + ω∗ϕτχ∗τ
ϕeχ
∗
e + ω
∗ϕµχ∗µ + ω ϕτχ
∗
τ
⊕
ϕτχ∗µϕeχ∗τ
ϕµχ
∗
e
⊕
ϕµχ∗τϕτχ∗e
ϕeχ
∗
µ
 . (A.31)
The square brackets denote that the three components transform reducibly as distinct singlet
representations, as discussed.
Next let ϕ ∼ 3 as before, but introduce a triplet ψ ∼ 3′ that transforms under (ze, I) as
specified by Eq. (A.26): ψ → diag(1, ω, ω)ψ = zµzτψ. Forming the product ϕψ ∼ 3× 3′, we
find:
(ze, I) :
ϕeψeϕµψµ
ϕτψτ
→
ω ϕeψeω ϕµψµ
ω ϕτψτ
 ,
ϕτψeϕeψµ
ϕµψτ
→
 ϕτψeω∗ϕeψµ
ω ϕµψτ
 ,
ϕµψeϕτψµ
ϕeψτ
→
 ϕµψeω ϕτψµ
ω∗ϕeψτ
 .
(A.32)
Comparing to Eq. (A.29), we see that the second and third triplets of Eq. (A.32) transform
as 3ˆ∗ and 3ˆ, respectively.
The first triplet of Eq. (A.32) transforms differently from all of the triplets considered pre-
viously. Since all components transform with the same phase, this triplet is reducible into
singlets. Moreover, since these singlets transform nontrivially under the action of the (zα, I),
indicating that they are distinct from the singlets 1′ and (1′)∗ of Eq. (A.30).
Thus we have the multiplication rule
3× 3′ = 1˜⊕ 1˜′ ⊕ 1˜′′ ⊕ 3ˆ⊕ 3ˆ∗ (A.33)
given in components byϕeϕµ
ϕτ
×
ψeψµ
ψτ
 =
 ϕeψe + ϕµψµ + ϕτψτϕeψe + ω ϕµψµ + ω∗ϕτψτ
ϕeψe + ω
∗ϕµψµ + ω ϕτψτ
⊕
ϕµψeϕτψµ
ϕeψτ
⊕
ϕeψeϕµψµ
ϕτψτ
 . (A.34)
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As for Eq. (A.31), the square brackets in Eq. (A.34) indicate that the first triplet is reducible
as follows. The singlet ϕeψe + ϕµψµ + ϕτψτ ∼ 1˜ transforms with ω under (zα, I) but is
invariant under (I, c). The singlet ϕeψe + ω ϕµψµ + ω
∗ϕτψτ ∼ 1˜′ transforms with the phase
ω under both (zα, I) and (I, c). The singlet ϕeψe + ω
∗ϕµψµ + ω ϕτψτ ∼ 1˜′′ transforms with
the phase ω under (zα, I) but with the opposite phase ω
∗ under (I, c).
Each of these non-invariant singlets is complex, so overall we have 1′, 1˜, 1˜′, 1˜′′, and their
conjugates, which along with the invariant 1 makes a total of 9 distinct singlets. The group
elements acting on the these representations are given in Table 1.
Σ(81) (zα, I) (I, c)
1 1 1
1′ 1 ω
1˜ ω 1
1˜′ ω ω
1˜′′ ω ω∗
Table 1: Elements of Σ(81) acting on the distinct singlet representations. The
1 is invariant under all elements of the group. The other singlets are not
invariant under group transformations, and they are complex.
Let ψ ∼ 3′ and ξ ∼ 3ˆ. The transformation properties under the action of (ze, I) are given
by Eqs. (A.26) and (A.29) as ψ → zµzτψ and ξ → zµz∗τξ. The components of the product
ψξ ∼ 3′ × 3ˆ transform as:
(ze, I) :
ψµξµψτξτ
ψeξe
→
ω∗ψµξµψτξτ
ψeξe
 ,
ψµξτψτξe
ψeξµ
→
 ψµξτω ψτξe
ω ψeξµ
 ,
ψµξeψτξµ
ψeξτ
→
ω ψµξeω∗ψτξµ
ω∗ψeξτ
 .
(A.35)
The first triplet of Eq. (A.35) transforms as 3∗, and the second as 3′. The third transforms
differently from 3, 3′, 3ˆ or their conjugates, and therefore specifies a new complex irreducible
triplet, 3˜.
Therefore we find the multiplication rule
3′ × 3ˆ = 3∗ ⊕ 3′ ⊕ 3˜ (A.36)
which in components readsψeψµ
ψτ
×
ξeξµ
ξτ
 =
ψµξµψτξτ
ψeξe
⊕
ψµξτψτξe
ψeξµ
⊕
ψµξeψτξµ
ψeξτ
 . (A.37)
Thus far we have found the irreducible triplets 3, 3′, 3ˆ, 3˜, and their conjugates, making a total
of 8 distinct triplets. The group elements acting on these triplets is given in Table 2.
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Σ(81) (ze, I) (zµ, I) (zτ , I)
3 ze zµ zτ
3′ zµzτ zτze zezµ
3ˆ zµz
∗
τ zτz
∗
e zez
∗
µ
3˜ zez
∗
µz
∗
τ zµz
∗
τz
∗
e zτz
∗
ez
∗
µ
Table 2: Elements of Σ(81) acting on the irreducible complex triplet represen-
tations. The representation denoted by 3 is the defining representation, whose
3-by-3 matrices were used to derive the properties of the group.
A convenient way to denote the content of Table 2 is to label the components of the four
triplets as follows:
φ ∼ 3 =⇒ φ = (φe, φµ, φτ )
h ∼ 3′ =⇒ h = (hµτ , hτe, heµ) ∼ (φµφτ , φτφe, φeφµ)
χ ∼ 3ˆ =⇒ χ = (χ µτ , χ τe , χ eµ ) ∼ (φτφ∗µ, φeφ∗τ , φµφ∗e)
ζ ∼ 3˜ =⇒ ζ = (ζ µτe , ζ τeµ , ζ eµτ ) ∼ (φeφ∗µφ∗τ , φµφ∗τφ∗e, φτφ∗eφ∗µ) . (A.38)
Fields with one lower index α = e, µ, τ transform under the defining 3-dimensional represen-
tation, and fields with one upper index transform under the conjugate 3∗. Fields with two
indices (either two lower, or one lower and one upper) are organized cyclically: “he” ≡ hµτ ,
“hµ” ≡ hτe, and “hτ” ≡ heµ. Fields with one lower and two upper (and the conjugate case
of one upper and two lower) are organized according to the “odd index out”: “ζe” ≡ ζ µτe ,
“ζµ” ≡ ζ τeµ , and “ζτ” ≡ ζ eµτ .
This notation makes it easy to carry out group multiplication and decompose products into
irreducible representations. For example, using the notation of Eq. (A.38) and the transfor-
mation rules of Tables 1 and 2, we can easily decompose the product of the defining triplet
3 with itself 30 or with 3′, 3ˆ and 3˜:
3× 3 ∼
φeφµ
φτ
×
φ′eφ′µ
φ′τ
 =
φeφ′eφµφ′µ
φτφ
′
τ
⊕
φµφ′τφτφ′e
φτφ
′
µ
⊕
φτφ′µφeφ′τ
φµφ
′
e
 ∼ 3∗ ⊕ 3′1 ⊕ 3′2 (A.39)
3× 3′∼
φeφµ
φτ
×
hµτhτe
heµ
=
 φehµτ + φµhτe + φτheµφehµτ + ω φµhτe + ω∗φτheµ
φehµτ + ω
∗φµhτe + ω φτheµ
⊕
φµhµτφτhτe
φeheµ
⊕
φτhµτφehτe
φµheµ

∼ 1˜⊕ 1˜′ ⊕ 1˜′′ ⊕ 3ˆ⊕ 3ˆ∗ (A.40)
30In Eq. (A.39) the prime on φ′ denotes that it is a different field from φ, but both fields still transform as
the defining 3 representation.
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3× 3ˆ ∼
φeφµ
φτ
×
χ µτχ τe
χ eµ
 =
φτχ τeφeχ eµ
φµχ
µ
τ
⊕
φτχ µτφeχ τe
φµχ
e
µ
⊕
φτχ eµφeχ µτ
φµχ
τ
e
 ∼ 3⊕ (3′)∗ ⊕ 3˜∗ (A.41)
3× 3˜ ∼
φeφµ
φτ
×
ζ µτeζ τeµ
ζ eµτ
 =
 φeζ µτe + φµζ τeµ + φτζ eµτφeζ µτe + ω φµζ τeµ + ω∗φτζ eµτ
φeζ
µτ
e + ω
∗φµζ τeµ + ω φτζ
eµ
τ
⊕
φeζ eµτφµζ µτe
φτζ
τe
µ
⊕
φeζ τeµφµζ eµτ
φτζ
µτ
e

∼ 1˜∗ ⊕ (1˜′)∗ ⊕ (1˜′′)∗ ⊕ 3ˆ⊕ 3ˆ∗ (A.42)
Similarly, we can decompose the product of 3 with any of the conjugate triplets:
3× 3∗ ∼
φeφµ
φτ
×
φ′eφ′µ
φ′τ
 =
 φeφ′e + φµφ′µ + φτφ′τφeφ′e + ω φµφ′µ + ω∗φτφ′τ
φeφ
′e + ω∗φµφ′µ + ω φτφ′τ
⊕
φτφ′µφeφ′τ
φµφ
′e
⊕
φµφ′τφτφ′e
φeφ
′µ

∼ 1⊕ 1′ ⊕ (1′)∗ ⊕ 3ˆ⊕ 3ˆ∗ (A.43)
3× (3′)∗ ∼
φeφµ
φτ
×
hµτhτe
heµ
 =
φµheµφτhµτ
φeh
τe
⊕
φτhτeφeheµ
φµh
µτ
⊕
φehµτφµhτe
φτh
eµ
 ∼ 31 ⊕ 32 ⊕ 3˜ (A.44)
3× 3ˆ∗ ∼
φeφµ
φτ
×
χ τµχ eτ
χ µe
 =
φµχ µeφτχ τµ
φeχ
e
τ
⊕
φµχ τµφτχ eτ
φeχ
µ
e
⊕
φµχ eτφτχ µe
φeχ
τ
µ
 ∼ 3⊕ (3′)∗ ⊕ 3˜∗ (A.45)
3× 3˜∗ ∼
φeφµ
φτ
×
ζeµτζµτe
ζτeµ
 =
φeζeµτφµζµτe
φτζ
τ
eµ
⊕
φµζτeµφτζeµτ
φeζ
µ
τe
⊕
φτζµτeφeζτeµ
φµζ
e
µτ
 ∼ 3′ ⊕ 3˜1 ⊕ 3˜2 (A.46)
Next, we have 3′ times itself, 3ˆ, and 3′′′:
3′ × 3′ ∼
hµτhτe
heµ
×
h′µτh′τe
h′eµ
 =
hµτh′µτhτeh′τe
heµh
′
eµ
⊕
heµh′τehµτh′eµ
hτeh
′
µτ
⊕
hτeh′eµheµh′µτ
hµτh
′
τe
 ∼ (3′)∗ ⊕ 3˜∗1 ⊕ 3˜∗2
(A.47)
3′ × 3ˆ ∼
hµτhτe
heµ
×
χ µτχ τe
χ eµ
 =
hτeχ τeheµχ eµ
hµτχ
µ
τ
⊕
hτeχ eµheµχ µτ
hµτχ
τ
e
⊕
hτeχ µτheµχ τe
hµτχ
e
µ
 ∼ 3∗ ⊕ 3′ ⊕ 3˜ (A.48)
3′ × 3˜ ∼
hµτhτe
heµ
×
ζ µτeζ τeµ
ζ eµτ
 =
hµτζ µτehτeζ τeµ
heµζ
eµ
τ
⊕
hτeζ eµτheµζ µτe
hµτζ
τe
µ
⊕
heµζ τeµhµτζ eµτ
hτeζ
µτ
e
 ∼ 3⊕ (3′1)∗ ⊕ (3′2)∗
(A.49)
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We also have 3′ times its conjugate, 3ˆ∗, and 3˜∗:
3′ × (3′)∗ ∼
hµτhτe
heµ
×
h′µτh′τe
h′eµ
 =
 hµτh′µτ+hτeh′τe+heµh′eµhµτh′µτ+ω hτeh′τe+ω∗heµh′eµ
hµτh
′µτ+ω∗hτeh′τe+ω heµh′eµ
⊕
hτeh′eµheµh′µτ
hµτh
′τe
⊕
heµh′τehµτh′eµ
hτeh
′µτ

∼ 1⊕ 1′ ⊕ (1′)∗ ⊕ 3ˆ⊕ 3ˆ∗ (A.50)
3′ × 3ˆ∗ ∼
hµτhτe
heµ
×
χ τµχ eτ
χ µe
 =
heµχ µehµτχ τµ
hτeχ
e
τ
⊕
heµχ eτhµτχ µe
hτeχ
τ
µ
⊕
heµχ τµhµτχ eτ
hτeχ
µ
e
 ∼ 3∗ ⊕ 3′ ⊕ 3˜ (A.51)
3′ × 3˜∗ ∼
hµτhτe
heµ
×
ζeµτζµτe
ζτeµ
 =
 hµτζeµτ+hτeζµτe+heµζτeµhµτζeµτ+ ω hτeζµτe+ ω∗heµζτeµ
hµτζ
e
µτ+ ω
∗hτeζµτe+ ω heµζ
τ
eµ
⊕
heµζeµτhµτζµτe
hτeζ
τ
eµ
⊕
hτeζeµτheµζµτe
hµτζ
τ
eµ

∼ 1˜∗ ⊕ (1˜′)∗ ⊕ (1˜′′)∗ ⊕ 3ˆ⊕ 3ˆ∗ (A.52)
Next, we decompose the product of 3ˆ with itself and with 3˜:
3ˆ× 3ˆ ∼
χ µτχ τe
χ eµ
×
χ′ µτχ′ τe
χ
′ e
µ
 =
χ µτ χ′ µτχ τe χ′ τe
χ eµ χ
′ e
µ
⊕
χ eµ χ′ τeχ µτ χ′ eµ
χ τe χ
′µ
τ
⊕
χ τe χ′ eµχ eµ χ ′µτ
χ µτ χ
′ τ
e
 ∼ (3ˆ1)∗ ⊕ (3ˆ2)∗ ⊕ (3ˆ3)∗
(A.53)
3ˆ× 3˜ ∼
χ µτχ τe
χ eµ
×
ζ µτeζ τeµ
ζ eµτ
 =
χ µτ ζ τeµχ τe ζ eµτ
χ eµ ζ
µτ
e
⊕
χ τe ζ τeµχ eµ ζ eµτ
χ µτ ζ
µτ
e
⊕
χ eµ ζ τeµχ µτ ζ eµτ
χ τe ζ
µτ
e
 ∼ 3∗ ⊕ 3′ ⊕ 3˜
(A.54)
In contrast to the other triplet multiplications so far, the product of 3ˆ with its conjugate
reduces to the nine singlets:
3ˆ× 3ˆ∗ ∼
χ µτχ τe
χ eµ
×
χ′ τµχ′ eτ
χ
′ µ
e
 =
 χ µτ χ′ τµ +χ τe χ′ eτ +χ eµ χ′ µeχ µτ χ′ τµ + ω χ τe χ′ eτ + ω∗χ eµ χ′ µe
χ µτ χ
′ τ
µ + ω
∗χ τe χ
′ e
τ + ω χ
e
µ χ
′ µ
e
 ← 1← 1′
← (1′)∗
⊕
 χ µτ χ′ eτ +χ τe χ′ µe +χ eµ χ′ τµχ µτ χ′ eτ + ω χ τe χ′ µe + ω∗χ eµ χ′ τµ
χ µτ χ
′ e
τ + ω
∗χ τe χ
′ µ
e + ω χ
e
µ χ
′ τ
µ
 ← 1˜∗← (1˜′′)∗
← (1˜′)∗
⊕
 χ µτ χ′ µe +χ τe χ′ τµ +χ eµ χ′ eτχ µτ χ′ µe + ω χ τe χ′ τµ + ω∗χ eµ χ′ eτ
χ µτ χ
′ µ
e + ω
∗χ τe χ
′ τ
µ + ω χ
e
µ χ
′ e
τ
 ← 1˜← 1˜′
← 1˜′′
(A.55)
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We also have:
3ˆ× 3˜∗ ∼
χ µτχ τe
χ eµ
×
ζeµτζµτe
ζτeµ
 =
χ µτ ζτeµχ τe ζeµτ
χ eµ ζ
µ
τe
⊕
χ eµ ζτeµχ µτ ζeµτ
χ τe ζ
µ
τe
⊕
χ τe ζτeµχ eµ ζeµτ
χ µτ ζ
µ
τe
 ∼ 3⊕ (3′)∗ ⊕ 3˜∗
(A.56)
Lastly, we compute the product of 3˜ with itself and with its conjugate:
3˜× 3˜ ∼
ζ µτeζ τeµ
ζ eµτ
×
ζ ′ µτeζ ′ τeµ
ζ
′ eµ
τ
 =
ζ µτe ζ ′ µτeζ τeµ ζ ′ τeµ
ζ eµτ ζ
′ eµ
τ
⊕
ζ τeµ ζ ′ eµτζ eµτ ζ ′ µτe
ζ µτe ζ
′ τe
µ
⊕
ζ eµτ ζ ′ τeµζ µτe ζ ′ eµτ
ζ τeµ ζ
′ µτ
e
 ∼ 3˜∗ ⊕ 31 ⊕ 32
(A.57)
3˜× 3˜∗ ∼
ζ µτeζ τeµ
ζ eµτ
×
ζ ′eµτζ ′µτe
ζ ′τeµ
=
 ζ µτe ζ ′eµτ+ζ τeµ ζ ′µτe+ζ eµτ ζ ′τeµζ µτe ζ ′eµτ+ ωζ τeµ ζ ′µτe+ ω∗ζ eµτ ζ ′τeµ
ζ µτe ζ
′e
µτ+ ω
∗ζ τeµ ζ
′µ
τe+ ω ζ
eµ
τ ζ
′τ
eµ
⊕
ζ τeµ ζ ′τeµζ eµτ ζ ′eµτ
ζ µτe ζ
′µ
τe
⊕
ζ eµτ ζ ′µτeζ µτe ζ ′τeµ
ζ τeµ ζ
′e
µτ

∼ 1⊕ 1′ ⊕ (1′)∗ ⊕ 3ˆ⊕ 3ˆ∗ (A.58)
Finally, observe that
9× 12 + 8× 32 = 81 and 9 + 8 = 17 (A.59)
so that the theorem
∑nC
i= 1 d
2
i = 81 is satisfied with d1 = 9, d3 = 8, all other di = 0, and
nC = 17.
Therefore we have accounted for all of the irreducible representations of Σ(81). The character
table is given in Table 3.
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Class # elts. χ(1) χ(1′) χ(1˜) χ(1˜′) χ(1˜′′) χ(3) χ(3′) χ(3ˆ) χ(3˜) χ(1′∗) χ(1˜∗) χ(1˜′∗) χ(1˜′′∗) χ(3∗) χ(3′∗) χ(3ˆ∗) χ(3˜∗) h
CI 1 1 1 1 1 1 3 3 3 3 1 1 1 1 3 3 3 3 1
Cα 3 1 1 ω ω ω 2 + ω 1 + 2ω 0 ω + 2ω
∗ 1 ω∗ ω∗ ω∗ 2 + ω∗ 1 + 2ω∗ 0 ω∗ + 2ω 3
C∗α 3 1 1 ω
∗ ω∗ ω∗ 2 + ω∗ 1 + 2ω∗ 0 ω∗ + 2ω 1 ω ω ω 2 + ω 1 + 2ω 0 ω + 2ω∗ 3
Cαβ 3 1 1 ω
∗ ω∗ ω∗ 1 + 2ω 2ω + ω∗ 0 3 1 ω ω ω 1 + 2ω∗ 2ω∗ + ω 0 3 3
C∗αβ 3 1 1 ω ω ω 1 + 2ω
∗ 2ω∗ + ω 0 3 1 ω∗ ω∗ ω∗ 1 + 2ω 2ω + ω∗ 0 3 3
D βα 3 1 1 1 1 1 0 0 3ω 0 1 1 1 1 0 0 3ω
∗ 0 3
(D βα )
∗ 3 1 1 1 1 1 0 0 3ω∗ 0 1 1 1 1 0 0 3ω 0 3
E
γ
αβ
3 1 1 ω ω ω 2ω + ω∗ 2 + ω∗ 0 1 + 2ω 1 ω∗ ω∗ ω∗ 2ω∗ + ω 2 + ω 0 1 + 2ω∗ 3
(E
γ
αβ
)∗ 3 1 1 ω∗ ω∗ ω∗ 2ω∗ + ω 2 + ω 0 1 + 2ω∗ 1 ω ω ω 2ω + ω∗ 2 + ω∗ 0 1 + 2ω 3
F 1 1 1 1 1 1 3ω 3ω∗ 3 3ω∗ 1 1 1 1 3ω∗ 3ω 3 3ω 3
F∗ 1 1 1 1 1 1 3ω∗ 3ω 3 3ω 1 1 1 1 3ω 3ω∗ 3 3ω∗ 3
Ccα 9 1 ω ω ω
∗ 1 0 0 0 0 ω∗ ω∗ ω 1 0 0 0 0 6
Cc∗α 9 1 ω
∗ ω∗ ω 1 0 0 0 0 ω ω ω∗ 1 0 0 0 0 6
Dc βα 9 1 ω 1 ω ω
∗ 0 0 0 0 ω∗ 1 ω∗ ω 0 0 0 0 3
Caα 9 1 ω
∗ ω 1 ω∗ 0 0 0 0 ω ω∗ 1 ω 0 0 0 0 6
Ca∗α 9 1 ω ω
∗ 1 ω 0 0 0 0 ω∗ ω 1 ω∗ 0 0 0 0 6
Da βα 9 1 ω
∗ 1 ω∗ ω 0 0 0 0 ω 1 ω ω∗ 0 0 0 0 3
Table 3: Character table for Σ(81). The phase ω ≡ e i2pi/3 satisfies ω2 = ω∗, ω3 = 1, and 1+ω+ω∗ = 0.
The elements in each class can be inferred by comparing the index notation to the representations
in Tables 1 and 2. The last column (“h-value”) denotes the minimum power to which the elements
in each class must be raised in order to obtain the identity.
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